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IDEALS IN LINEAR ALGEBRAS* 


BY C. C. MACDUFFEE 


1. Introduction. In an algebraic field, and indeed in every com- 
mutative domain of integrity, the problem of the greatest 
common divisor and the problem of unique factorization into 
primes are equivalent. That is, the property that every pair of 
numbers in the domain of integrity have a greatest common 
divisor unique up to a unit factor implies the property that 
factorization be unique save for unit factors and order of multi- 
plication. In those commutative domains of integrity in which 
these properties do not hold, the introduction of Dedekind 
ideals gives an extended system in which they do hold. 

In a domain of integrity of a non-commutative algebra, the 
existence of the greatest common right divisor and of the great- 
est common left divisor does not insure unique factorization. The 
two problems have diverged and it seems very improbable to 
the writer that the same type of ideal system will handle both 
problems. 

The Dedekind ideal is by its very definition connected with 
the problem of the greatest common divisor. This theory, in- 
cluding the theory of the class number, seems to extend practi- 
cally intact to the non-commutative case. From this stand- 
point the theory of ideals in linear algebras is successful. 

Several writers have attempted to apply Dedekind ideals to 
the problems of unique factorization, and in every case the 
result has been of dubious value. The difficulty has always been 
in finding an adequate definition for ideal multiplication. In 
every case so many important properties of ideals have failed 
to generalize that the theory is practically without substance. 
It would seem that the enlargement of the domain to permit 
unique factorization will have to be accomplished through other 
agencies than the Dedekind ideal. 


2. Domains of Integrity. The elements of a rational algebra 
% of order n are given by 


* An address presented at the invitation of the program committee at the 
meeting of the Society in Minneapolis, September 10, 1931. 
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+ +--+ + An€n, 


where the basis numbers 61, €2, - - - , €, are linearly independent 
with respect to the rational field 9t and the a’s range over §. 
The algebra is closed under multiplication, so that there exist 
numbers c;;, of #, called the constants of multiplication, such 
that 


ee;= Dice, = 1,2,---,-). 
k=1 
We assume that multiplication is associative but not that it is 
commutative. We further assume that % contains a principal 
unit or modulus. 

It is evident that if ¢;=6*", where @ is a root of an irreducible 
equation of degree n, % is an algebraic field. Thus the rational 
algebra is a natural extension of the algebraic field. 

While the term algebraic integer is well defined, integral num- 
ber of a rational algebra is not. The concept of domain of 
integrity is capable of generalization, however. An algebra 
may possess several such domains of integrity. 

The most satisfactory definition for domain of integrity has 
been given by Dickson* by means of the five postulates: 

R: For every element of the set, the coefficients of the rank 
equation are rational integers. 

C: The set is closed under addition, subtraction and multi- 
plication. 

U: The set contains the modulus 1. 

M: The set is maximal. 

O: The set is of order n. 

It is proved that if 9% is not semi-simple,’ it can be written as a 
sum of a semi-simple algebra and a nilpotent algebra, and that 
the arithmetic of & is associated with that of the semi-simple 
component.! We shall therefore devote attention only to semi- 
simple algebras. 

For a domain of integrity D of a semi-simple rational al- 
gebra %, it is always possible to choose a basis &1, €2, - - - , €n SO 
that ¢,=1, every number of D is given by 


* See the bibliography on p. 853; the reference here is to No. 1 of that list. 
Hereafter, references will be by a small numeral corresponding to the number 
in the fist. 
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where the a’s are now rational integers, and such that the con- 
stants of multiplication c;;, are likewise rational integers. 

The general number satisfies an equation of minimum degree 
called the rank equation. The constant term of this equation is 
called the norm of the number. Numbers of norm 0 are called 
divisors of zero, those of norm +1 are called units. The norm of 
the product is equal to the product of the norms of the factors. 
Those numbers, neither divisors of zero nor units, which can be 
represented as a product of two numbers neither of which is a 
unit are called composite, and in the contrary case prime. Every 
composite number can be represented as a product of a finite 
number of primes, but not always uniquely. 

Due to the failure of the commutative law, the concept of 
greatest common divisor must be replaced by the concepts of 
greatest common right divisor (g.c.r.d.) and greatest common left 
divisor (g.c.l.d.). We shall say that 6 is a g.c.r.d. of a and B if 
there are numbers A, pw of D such that 


(1) a= d, B= wi, 
and if also there are numbers p, o of D such that 
(2) 6 = pa+ eB. 


It is immediately evident that every c.r.d. of a and 6 divides 6. 
A similar definition holds for g.c.l.d. Of course two numbers a 
and 8 do not have to possess either a g.c.r.d. or a g.c.l.d. 

3. Ideals. As a criterion for evaluating the various modifica- 
tions of the Dedekind ideal theory which have been put forward 
in connection with the problem of unique factorization, we 
take the definition given by Dickson.* This demands of an ideal 
system merely the following properties: 

(i) Each integer (not a divisor of zero) and its associates shall 
correspond to the same unique ideal. 

(ii) There shall be a subset of principal ideals which shall be 
isomorphic with the numbers of D. 

(iii) The ideal corresponding to the units shall be the identity 
element of multiplication and shall have no factor different 
from itself. 

It will be interesting to see how far the ideal systems which 
have been advanced come from meeting these conditions. 


= 
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Dedekind ideals, modified to fit non-commutative domains, 
may be defined as follows: A J/eft ideal* is an infinite set of num- 
bers of D which is closed under addition and subtraction, and 
closed under multiplication on the left by the numbers of D. If 
not every number of the ideal is a divisor of zero, the ideal is 
called non-singular. 

The set of numbers 


where the ai,---,«a, are fixed and the &,---,&, variable 
numbers of D, obviously constitutes a left ideal (a, - - -, ax]. 
In fact, there are no others. If R=1, the ideal is principal, 
written a=(a}. 

That Dedekind ideals are fundamentally connected with the 
problem of the g.c.d. is evident from the fact that a necessary 
and sufficient condition that a and B havea g.c.r.d.is that the left 
ideal (a, 8) be principal. For if (a, 8] is principal, there exists a 
number 6 such that the sets 


are equal. Thus in particular for 7=1, ¢=0 there is a number £, 
such that a=£,6, and for 7=0, ¢=1 there is a number & such 
that 8 =£.6. Furthermore, for there are numbers 7, such 
that 6=a+¢,8. Thus 6 is a g.c.r.d. of a and B. The converse is 
evident, for by (2) every number £6 is a linear combination of 
a and 8, and by (1) every linear combination of a and B is a 
multiple of 6. 

It is easily proved that every ideal has a basis w1, we, - - + , Wn 
such that the numbers of the ideal are given by the linear com- 
binations of these basis numbers with rational integral coef- 
ficients. An ideal is non-singular if any one of the following 
properties holds: 

(a) The numbers w,, we, - - - , w, are linearly independent. 

(b) The ideal contains rational integers. 

(c) Not every element is a divisor of zero. 

(d) The norm | gre is not zero, where w;=)_g;,€;. 


* Probably it would have been more logical to have reversed the definitions 
of left and right ideals as was done by Hurwitz‘ for quaternions, for the es- 
sential property of (a] is not that it is closed under multiplication on the left, 
but that a is a right divisor of every number in it. 


£5, na + (é, variable), | 
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4. The Early Literature. In first introducing ideals Kummer 
was interested only in establishing the unique factorization law 
in certain algebraic fields. The existence of the g.c.d. together 
with the commutative law implies unique factorization. Without 
the commutative law it does not, as was shown by Hurwitz‘ 
in what seems to be the earliest use of ideals in a non-commu- 
tative algebra. Unique factorization does not hold for all integral 
quaternions, yet every quaternion ideal is principal, and every 
pair of integral quaternions has a g.c.r.d. and a g.c.l.d. unique 
up to unit factors. 

From this example it is evident that too much is not to be 
expected frora the ideal theory in the non-commutative case. 
In the generalization from algebraic fields to rational algebras, 
the problem of the greatest common divisor and the problem of 
unique factorization follow divergent paths, and the Dedekind 
ideal theory is fundamentally connected with the former prob- 
lem. 

Beginning about 1906, L. G. du Pasquier® wrote a series of pa- 
pers investigating domains of integrity in rational algebras. 
He did not use Wedderburn’s theory of linear algebras, how- 
ever, and his work consisted principally of investigations of 
particular algebras. He recognized the advisability of working 
in maximal domains of integrity, and knew that maximal do- 
mains according to his definition of domain do not exist in all 
algebras. We now know that his difficulties were encountered 
with algebras which were not semi-simple. His conjecture that 
the ideal theory is helpless to introduce unique factorization 
into domains which are not maximal was definitely proved by 
Dickson.’ 

Probably the most important of the algebras considered in 
detail by du Pasquier* is the complete matric algebra over the 
rational field. He called a matrix integral if all its elements were 
rational integers. He developed a euclidean algorithm for such 
matrices and proved that a set of integral matrices M,, M2,---, 
M,,, not all singular, possess a g.c.r.d. unique up to a left factor A 
which is integral and of determinant +1. Conversely, if D is a 
g.c.r.d., so is AD for every unimodular integral matrix A. 
Similar results hold for the g.c.l.d. 

Du Pasquier defined right and left ideals for this algebra 
and showed that in virtue of the existence of the euclidean algo- 
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rithm every ideal not composed exclusively of divisors of zero 
is principal. He also discussed two-sided ideals and found that 
they are never singular. 


5. Speiser’s Theory. The first paper dealing exclusively with 
ideals in domains of linear algebras was written by Andreas 
Speiser’ in 1926. The first part of the paper is devoted to ideals 
in commutative domains, that is, rings. In a maximal domain 
of integrity the ideal product is defined in the usual way as the 
totality of sums of products consisting of a number of the first 
ideal by a number of the second. Unique factorization into prime 
ideals holds. For the commutative case Speiser’s results are 
interesting and very satisfactory. 

For non-commutative domains of integrity, however, Speiser 
does not seem to have been so successful. A one-sided ideal, 
defined in the usual way, is determined by its residue classes, 
which in turn are represented by matrices with elements in a 
Galois field. The intersection of two ideals is called their least 
common multiple (l.c.m.). The ideal formed by adding every 
number of the first to every number of the second is called their 
g.c.d. If the g.c.d. of two ideals is the unit ideal, they are rela- 
tively prime, and their product is defined to be their I.c.m. 
Thus multiplication of prime ideals is commutative in a non- 
commutative domain of integrity. Dickson’s second require- 
ment (ii) for an ideal is violated. 

If the norm of a right ideal [b) is pip.” - - - p,*t, then [b) can 
be written as [q:)[q2) - - - [q:), where the factors are prime in 
pairs (so that their product is defined as above) and each is a 
divisor of a power of a two-sided prime ideal which divides the 
norm. The factors are commutative and define [6) uniquely. 

The factorization of each [q) is treated somewhat after the 
manner of the series of composition of a finite group. Suppose 
that [q) is an ideal divisor of p*, where p is a natural prime. By 
adjoining p to [q) there results an ideal divisor [$1) of p. The 
quotient of [q) by [:) is obtained by taking those residue 
classes in [q) which are divisible by p and dividing them by p. 
This new ideal is called [q:). Now adjoin p to [q:) and obtain 
[B.) which is similarly a divisor of [$1). This process ends in a 
steps, and then by definition 


[a) = - - - 
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Each factor is a divisor of the same two-sided prime ideal, and 
each divides the preceding. The factors are uniquely determined, 
but the product is not in general uniquely determined by the factors. 
Ideal multiplication is not uniquely defined. ; 

Speiser regrets that a number of the most interesting concepts 
of algebraic number theory do not carry over. He mentions in 
particular the failure of the theorem that the ideal product can 
be defined through the products of the basis numbers. He also 
remarks upon the lack of a definition of ideal class, and the 
consequent vacuousness of the theorem that the class number is 
finite. He admits the belief that these concepts and theorems 
are essentially restricted to the algebraic number theory. 


6. Krull’s Theory. In a recent paper Zur Theorie der zwei- 
seitigen Ideale in nichtkommutativen Bereichen,® the ideal theory 
is treated from a postulational point of view. The essential 
difficulty of a definition of ideal product is avoided by laying 
down a set of postulates which ideal multiplication is to obey. 

This paper of Krull seems to touch only slightly upon ideals 
in rational algebras, so we shall not discuss it in detail. The 
concept of halbkommutativ is introduced for those domains in 
which every pair of prime ideals are commutative. The two- 
sided ideals are not isomorphic with the integral numbers, and 
the result which he emphasizes is that the ideals are not as a 
rule either commutative or halbkommutativ. 


7. Present Status of the Unique Factorization Problem. This 
year Miss Grace Shover® in collaboration with the writer ad- 
vanced a theory of ideal multiplication using integral matrices. 
Ideal multiplication is defined through the product of its basis 
numbers, but as Speiser noted, this definition is not as fruitful 
as one could wish. The norm of the product is not always equal 
to the product of the norms, and consequently Dickson’s second 
requirement is not always complied with. 

The conclusion seems to be that all attempts up to the 
present to apply Dedekind ideals to the problem of unique 
factorization in a non-commutative domain of integrity have 
been wrecked because of the lack of a satisfactory definition of 
ideal multiplication. Perhaps one is justified in hazarding the 
opinion that the theory will not extend. 


8. The Matric Theory. In 1929 the writer'® attempted to see 
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how far the ideal theory would extend without the use of ideal 
multiplication. It was surprising that so much of the ideal 
theory as regards the greatest common divisor carried over in- 
tact. The right and left class numbers were satisfactorily de- 
fined, and Miss Shover"' has just proved them finite and equal. 
A necessary and sufficient condition that every pair of numbers 
of D possess a g.c.r.d. unique up toa unit left factor is that the 
class number of D be 1. In this case they also possess a g.c.l.d. 
unique up to a unit right factor. Moreover, a method for finding 
these greatest common divisors will be developed in §9. 

The use of integral matrices in the theory of ideals in an 
algebraic field was not entirely new, but it had not been 
thoroughly exploited. Of course a correspondence between ideals 
and quadratic forms was known to Dedekind. Poincaré” used 
the matrix (g,,) to represent the ideal with basis w=) g:€; but 
he did nothing with the matrix except to consider it as an aggre- 
gate of m? numbers. 

Another result of Poincaré!* was of more significance. He 
showed essentially that every associative algebra is isomorphic 
with a matric algebra, and it is but a step to see that when the 
basis numbers of the algebra form a basis for the domain of 
integrity D, the elements of every matrix corresponding to an 
integral number are rational integers, and conversely. Whether 
Poincaré knew that this correspondence could be extended to 
ideals is problematical.“ His statements on this point have 
justly been termed “obscure.”* 

A correspondence between ideals and integral matrices dif- 
ferent from that of Poincaré was set up by A. Chatelet.” Let 
an algebraic number @ satisfy an irreducible equation whose 
roots are Xi, Ae, - - - , An. Denote the diagonal matrix (6,,A,) by 
[\; |. There exists a matrix 7 =A with rational integral 
elements if and only if the first column of A apart from a 
constant factor constitutes a basis for an ideal, the other columns 
of A being the conjugates of the first. By keeping A fixed and 
letting @ vary over the numbers of D, matrices corresponding 
to all numbers of the ideal are obtained. If A corresponds to the 
unit ideal, the corresponding 7’s represent the numbers of 


* National Research Council, Bulletin on Algebraic Numbers, I, p. 26, 
footnote 4. 
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(0), and the representation is an isomorphism with respect to 
addition and multiplication. 

Let D be a g.c.d. of the matrices representing the m numbers 
whose ideal g.c.d. we seek. Then DA has as its first column this 
base. Chatelet calls D an ideal factor. In a brief account in the 
Comptes Rendus" he states that “to the divisibility of ideals 
corresponds naturally the divisibility of ideal factors.” Upon 
consulting a book” published by him in the following year it 
appears that his investigations had not been carried as far as 
one might be inclined to suppose from a reading of the former 
article. He does, however, give a method for calculating the 
product of two ideals. 


9. The Problem of the Greatest Common Divisor. Since matrices 
are in general non-commutative, the matric theory seemed a 
natural tool to apply to ideals in non-commutative domains of 
integrity. Suppose we have a domain of the type described in §2 
with basis &, €, - -- , €,. Lo the number 


= + X2€2 + + Xn€En, 
we make correspond its first matrix 
R(E) = ( 


The first matrices give a matric representation of the algebra. 
So do the second matrices 


S(é) = ( do xicris). 


This is the correspondence of Poincaré.* 
Let j be a left ideal with basis w;, we, --- , wn, where 


The matrix G=(g,,) is said to correspond to the ideal. The 
matrices AG, where A is integral and unimodular, give all 
matrices corresponding to the same ideal. 

The fundamental theorem" is that a necessary and sufficient 
condition that a matrix G correspond to an ideal is that there 
exist ” integral matrices D,, De, - - - , D, such that 


(3) GR} = DG, (4 = 1,2,---, 


where R;" denotes the transpose of R(e;). Thus if G is non- 
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singular it transforms the transposed first matrix of every num- 
ber of D into an integral matrix. 

It so happens that under this definition of correspondence 
the second matrix S(~) corresponds to the principal left ideal 
(¢]. Then (3) becomes 


S(@)R*(n) = R™(n) SE), 


that is, the second matrices of every given number £ are com- 
mutative with the transposed first matrices of every number 
n of D. The converse is also true, namely, that every integral 
matrix commutative with every R‘(n) is the second matrix of 
some number of D. 

The concept of equivalence of ideals is introduced in a manner 
analogous to that in algebraic number theory. If w1, we, - - + , wn 
constitute a basis for an ideal f, and if s is a number of D, then 
@1S, W2S,--- ,@,S is a basis for an ideal which we denote by fs. 
This is essentially a definition of scalar multiplication for ideals. 
If f, and f, are two non-singular ideals, they are called equiva- 
lent if there exist numbers s; and sz of D such that fs, =f25e. It 
is shown that if G, corresponds to f, and Gz to fe, a necessary 
and sufficient condition that f, and f, be equivalent is that the 
matrices D;;, De; defined by 


= D, Gi, G:R} = D2Ge, 
be connected by a relation 
Dy; = AD.;A—, (i = i, 2. n), 


where A is integral and unimodular. 

The (left) class number h is defined as the number of non- 
equivalent non-singular ideals in D. A necessary and sufficient 
condition that every pair of numbers in D possess a g.c.r.d. 
unique up to a unit left factor is that this class number be 1. 
The left and right class numbers are finite and equal." 

One of the interesting by-products of the theory is the proof 
that every ideal class possesses a basis composed of integral 
matrices B,, Bz, - --, B, such that every matrix corresponding 
to an ideal of the class is of the form AG, where A is integral 
and unimodular and G is of the form 


hyB, + + h,B,, 


= 
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where the h’s are rational integers. If the class is non-singular, 
that is, contains at least one non-singular ideal, the B’s are 
linearly independent. Every ideal of the class is given by this 
form not once but exactly p times, where / is the (cardinal) 
number of units in D. 

It is also of interest that the matric theory is able to provide 
for all domains of integrity D of semi-simple rational algebras an 
effective euclidean algorithm, something which has been de- 
veloped previously for only a few algebraic fields. Let a and 8 
be two numbers of D not divisors of zero. Let P be a matric 
g.c.r.d. of S(a) and S(6). Then P corresponds* to a basis of the 
ideal (a, 8] composed of the numbers fa+78, and consequently 
the matrices 


PR} P-' = T,, (4 =1,2,---,m), 


are all integral. 

Now (a, 8] is principal if and only if there exists a uni- 
modular integral matrix A such that AP=S(6), where 6 is a 
g.c.r.d. of a and B. Since every second matrix is commutative 
with R?, we can find whether A exists, and determine it if it 
does exist, from the relations APR} = R} AP, which are equiva- 
lent to 


RJA = AT;, (i= 1,2,---,m). 

By determining A“ (adjoint of A) we determine A. But 
(4) = TA’, (¢=1,2,---,), 
so the matrices A* constitute a minor class of ideal matrices.!° 


This class has a basis B;, Bo, - -- , B, such that every matrix 
satisfying (4) is of the form 


+ +--+ + 


Hence the n* equations resulting from (4) are in fact equivalent 
to but m(n—1) equations in m parameters provided the matrix 
A* exists. The condition A“ = +1 leads to the generalized Pell 
equation 


| + = 5, 


* Proved by the writer for algebraic fields but readily extensible to do- 
mains of integrity D.'* 
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the solution of which is the same type of problem as the de- 
termination of the units of D. This was to have been expected, 
since 6 is unique only up to a unit factor. Every determination 
of A leads to a determination of 6. 

Since 


the x’s are readily found by the method of undetermined coef- 
ficients. By the same method we can find the numbers \, yu of 
D such that 6=Aa+y8. 

I hope to convince you of the practicability of this generalized 
euclidean algorithm in a future paper. 

10. Conclusion. In some respects the attempts to extend the 
ideal theory to non-commutative domains of integrity have 
failed, for the unique factorization problem has not been solved. 
On the other hand, much light has been thrown on the structure 
of systems of ideals, and on the relationship between the unique 
factorization problem and the problem of the greatest common 
divisor. 

Then, too, the attempts to solve this problem have led to the 
use of new instruments in the ideal theory, and these in turn 
have led to the discovery of new results in algebraic number 
theory—the basis of an ideal class, the generalized euclidean 
algorithm, and direct methods for multiplying ideals? and for 
finding the canonical basis of an ideal.'® A new connection be- 
tween integral matrices and ideals, in no way dependent upon 
the preceding results, is the following theorem of C. G. Latimer.'® 
If p(x) =0 is the irreducible equation defining the integral num- 
ber 6, the class number of §(@) is the number of dissimilar in- 
tegral matrices satisfying p(x) =0. 

In closing, I rather timidly put forward the suggestion that 
perhaps the unique factorization problem has been solved for 
some time and that this fact has not been properly appreciated. 
We have been so intent on generalizing Dedekind ideals that 
we have refused to consider other possible solutions. Let us 
consider the domain of integrity D’ composed of all integral 
matrices of order n. This domain of integrity contains a sub- 
domain, consisting of the second matrices of the numbers of D, 
which is isomorphic with D not only under multiplication but 
under addition as well. All of the units of D are contained among 
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the units of D’, all the divisors of zero of D are contained among 
the divisors of zero of D’. The class number of D’ is 1, and every 
number of D’ can be expressed as a product of prime matrices*® 
. in one and only one way apart from unit factors. Is there any 
reason for pursuing this problem further? 
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A NOTE ON PRIMITIVE IDEMPOTENT ELE- 
MENTS OF A TOTAL MATRIC ALGEBRA* 


BY F.S. NOWLAN 


We consider a total matric algebra M over a field F, whose 
general element is 
(i,j =1,---,m), 
where if =1, and e;;e:, =0 for 7 #1. 


THEOREM 1. A necessary and sufficient condition that u = 2aj;e;; 
be idem potent in M ts 


(1) = (p, = 1, n). 


& 


This is seen immediately on writing 


and comparing with 
U => Apel par 
P.@ 
THEOREM 2. A necessary and sufficient condition for an idem- 
potent element u to be primitive in M is 
(2) Apikjqg ApgX ji, (p,9, 14,7 = 1,---,m). 


For, let 


tert 
r,t 


be a primitive indempotent element of 1. Let a;;#0. Then the 
element “e;;/a;; is idempotent in u Mu, since 


© 


ae. Aji 


Hencef we have we;;u/a;;=u, and ue; =a;u. Equating coef- 


* Presented to the Society, June 15, 1927. 
T Dickson, Algebras and their Arithmetics, p. 55. 
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ficients of e,,, we have ay,,aj,=a,qa;:. Conversely, suppose that 


is idempotent in VM and let 


Apihjqg = ApgXji, (p, g, 4, j=1,---, m). 
It follows that u is a primitive idempotent. In proof, let 
m => 


be any element of M. Then 


umu = OrsBs pA pert = ApsBsp* 
r,8.p,t r,8,p.t 


The coefficient of a,:,: is 


which is independent of r and ¢. It follows that 


umu = Taner) 
8,p r,t 


This shows that the algebra Mu is of order 1, based on its 
modulus.* Hence u is a primitive idempotent element of MV. 
Applying (2) to (1), we obtain the following corollary. 


CoROLLARY. Relations (2) and (3) below constitute necessary 
and sufficient conditions for u to be a primitive idempotent element 
of M: 


(3) =1 

The above Corollary leads to a simple device for obtaining the 
coordinates of a primitive idempotent element of a total matric 
algebra of order m. Construct a square array of m rows and m 
columns, as follows. 

First write numbers, a;;(t=1, - - - , 2) along the principal di- 
agonal so that La;;=1. Then write in numbers aj arbitrarily in 
the first column. Next write in numbers a;; chosen to satisfy the 
relation (i=1,---, 2; 7=2,---,m). It follows 
readily that (i,j,k, m=1,---, m). 

We illustrate with the array 

* Nowlan, On the direct product of a division and a total matric algebra, this 
Bulletin, vol. 36 (1939), p. 267, Theorem 5. 


(p, =1,---, #). 


a 
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0 
0 
0 


cle 
OO oh 


for the case n =3. This gives the primitive idempotent element 
“= t+ ee + 521 + — — 


We define supplementary primitive idempotent elements as 
follows. 

DEFINITION. A set of primitive idempotent elements is said 
to be supplementary in case their sum equals the modulus and 
if, further, the product of each pair in either order is zero.* 

We now determine necessary and sufficient conditions that a 
set of primitive idempotent elements shall be supplementary. 

Let u; and u;(t+7) be two of a set of supplementary primitive 
idempotent elements. A necessary and sufficient condition for 
the relation ug; =uju;=0, is obviously 

= 0, 
8 
where a‘}) and a) are the general coordinates of u; and u; 
respectively. Combining this result with the condition that the 
sum of the components of a set of supplementary primitive ele- 
ments shall equal the modulus, we have the following result. 


THEOREM 3. Equations (4), (5) and (6), which follow, constitute 
necessary and sufficient conditions that a set of primitive idempo- 
tent elements shall be supplementary: 


(i) (i) 


(4) Ore = 0, and r,s, t,i,7 =1,---,n); 
— 

(5) an =0, (r #1 and r,l=1,---,n); 
k=1 

(6) a, =1, 
k=1 
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* A supplementary set of primitive idempotent elements of a total matric 
algebra of order n? contains exactly n elements. See F.S. Nowlan, this Bulletin, 
vol. 36 (1930), p. 268. 
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REPRESENTATION OF A GROUP AS A TRANSITIVE 
PERMUTATION GROUP 


BY G. A. MILLER 


Let G be any group of finite order g and let H be any sub- 
group of order h contained in G. If the operators of G are sepa- 
rated into right or into left augmented co-sets with respect to H 
and if these g/h=n co-sets are then multiplied successively on 
the right or on the left respectively by the various operators of 
G, they will be permuted as units according to a transitive per- 
mutation group T which is simply isomorphic with the quotient 
group of G with respect to the largest invariant subgroup of G 
which appears in H, if H is not itself invariant under G. If H 
is invariant under G, then T will be a regular group which is 
simply isomorphic with G/H. The case when H is non-invariant 
under G and does not involve any invariant subgroup of G 
besides the identity is especially important since T is then 
simply isomorphic with G, as was pointed out for right co-sets 
by W. Dyck in 1883. 

If K is any subgroup of G which has operators in each of the 
co-sets of G with respect to H and if Ko is the cross-cut of H 
and K, then Ko may be invariant under K or it may involve an 
invariant subgroup under K. If one of these conditions is satis- 
fied, H must involve a subgroup which is invariant under G and 
includes this invariant subgroup under K. This follows directly 
from the facts that this invariant subgroup is transformed into 
all of its conjugates under G by operators of H and that a com- 
plete set of conjugate subgroups always generates an invariant 
subgroup if it does not generate the entire group. We have then 
the following result. 


THEOREM 1. If a group G is separated into co-sets with respect 
to a subgroup H and if another subgroup K has operators in each 
of these co-sets, then the largest invariant subgroup under K which 
appears in the cross-cut of H and K is contained in an invariant 
subgroup of G which is found in H. 

In particular, when T is simply isomorphic with G, then the 
largest invariant subgroup under K which appears in the cross- 
cut of 7 and K is the identity. 
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A necessary and sufficient condition that a subgroup of G 
corresponds to a transitive subgroup of degree in T is that it 
has operators in each of the co-sets of G with respect to H. In 
the case when 7 is simply isomorphic with G this transitive 
subgroup of degree m must also be simply isomorphic with the 
corresponding subgroup of G. We have then the following result. 

THEOREM 2. When G is represented as a simply tsomorphic 
transitive permutation group of degree n with respect to a subgroup 
H, then a necessary and sufficient condition that a given subgroup 
of G corresponds to a simply isomorphic transitive subgroup of 
degree n is that operators of this subgroup of G appear in each of the 
co-sets of G with respect to H. 

When 7 is not simply isomorphic with G, a subgroup of G 
is not necessarily simply isomorphic with the corresponding 
subgroup of 7. A necessary and sufficient condition that such a 
simple isomorphism exists is that this subgroup of G has only 
the identity in common with the largest invariant subgroup of 
G which is found in H. When H is invariant under G, then the 
regular group T will correspond to every subgroup of G whose 
operators are distributed among all of the co-sets of G with re- 
spect to 7. Subgroups of G whose operators are not thus dis- 
tributed will correspond to regular constituents of the subgroups 
of T. A necessary and sufficient condition that a subgroup of G 
corresponds either to a regular subgroup of T or to a regular 
constituent of a subgroup of T is that its cross-cut with H is 
invariant under this subgroup. 

Suppose that G involves a subgroup H whose operators are 
distributed among all except one of the co-sets of G with respect 
to H and that T is simply isomorphic with G. The subgroup H 
must correspond to a simply isomorphic subgroup of T which 
is of degree n—1 and transitive on these n—1 letters. This sub- 
group must therefore appear in a conjugate of the subgroup of 
T which corresponds to H. It therefore results that T is multiply 
transitive. Moreover, when T is multiply transitive, G must con- 
tain such a subgroup. 

THEOREM 3. A necessary and sufficient condition that a group G 
appears as a multiply transitive group when it is represented as a 
transitive permutation group with respect to a subgroup H 1s that 
at least one subgroup of G has its operators distributed among all 
except one of the co-sets of G with respect to H. 
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From this theorem it results directly that a necessary and 
sufficient condition that a group is r-fold transitive when it is 
represented as a simply isomorphic transitive group with re- 
spect to a subgroup H is that one can find r—1 successive sub- 
groups Hi, He, ---, H,-1 each of which after the first is con- 
tained in the preceding and has its operators distributed among 
all except one of the co-sets of G with respect to H in which the 
operators of the preceding subgroup are found, the operators of 
Hi; appearing in all these co-sets except one. It may be noted 
that the operators of all of these H’s have the property that 
their products into any co-set which contains no operator of the 
corresponding H appear in this co-set. 

Suppose that all the operators of G are distributed successively 
with respect to a subgroup H of G both into right and also into 
left co-sets. It is easy to verify that every such right co-set is 
identical with some left co-set of G with respect to a conjugate 
of H and that the totality of the right co-sets of H includes left 
co-sets of G with respect to all the conjugates of H under G. 
Similarly, the totality of the left co-sets with respect to H in- 
cludes right co-sets with respect to all the conjugates of H under 
G. This results directly from the theorem that the multiplying 
operators of co-sets can always be so chosen that the totality of 
the right multipliers is identical with the totality of left multi- 
pliers. This proves the following theorem. 

THEOREM 4. The right co-sets of any group G with respect to a 
given subgroup H are composed of left co-sets of G with respect to 
all the conjugates of H under G, and vice versa. 

If more than one right co-set of G with respect to H is equal 
to a left co-set with respect to the same conjugate of H, the 
number of such right co-sets is equal to the index of H under the 
largest subgroup of G in which H is invariant. In particular, 
this number is an invariant of G. A necessary and sufficient con- 
dition that only one right co-set of G with respect to H is equal 
to a left co-set with respect to a given conjugate of H is that H 
is transformed into itself only by its own operators under G. 
This is also a necessary and sufficient condition that only one 
left co-set of G with respect to H is equal to a right co-set with 
respect to a given conjugate of H. The operators of G which 
when multiplied on the right into a given right co-set of G with 
respect to H have all their products in this co-set constitute the 
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conjugate of H/ in the equivalent left co-set, and vice versa. 

A necessary and sufficient condition that T is simply transi- 
tive is that at least one conjugate of H under G has its operators 
distributed among less than »—1 co-sets of G with respect to 
H. In particular, when these operators are distributed among 
n—2 such co-sets m must be even and 7 must involve a system 
of imprimitivity composed of u/2 sets of letters. This is also a 
necessary and sufficient condition that H is invariant under a 
subgroup of G whose order is exactly 2h. If G is simply iso- 
morphic with T and a subgroup of G has its operators distrib- 
uted among 2 —2 of the co-sets of G with respect to H, its order 
cannot exceed 2h, and when it has this order it must involve a 
subgroup of index 2 which is conjugate with H under G. More- 
over, HT corresponds to a transitive subgroup of degree n—2 
in 7. 
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A NOTE ON TRANSFINITE ORDINALS 
BY BEN DUSHNIK 
In a supplementary note to an article of theirs,* Alexandroff 
and Urysohn demonstrated the following theorem. 
If to every ordinal a of the second class there corresponds an 


ordinal (a) such that p(a) <a, then there exists a non-denumerable 
set of ordinals of the second class 


such that 


The present note applies a different method to prove the 
following more general result. 


THEOREM. Let Qs be the smallest ordinal whose power is §s, 
where 5>0 is a non-limiting ordinal. If to every transfinite ordi- 
nal a<Q; there corresponds an ordinal u(a) such that p(a) <a, 


* Mémoire sur les espaces topologiques compacts, Verhandelingen of the 
Amsterdam Academy, (1), vol. 45, No. 1. 
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then there will be a set of power Ss of transfinite ordinals <Q; 
such that the corresponding (a) are all equal. 


Proor. Consider, for any transfinite a<Q, the series 
a, u(a), ui(a), 


where y‘(a) is the ordinal corresponding to [i=2]. By 
hypothesis 


a> pla) > Wa) >---; 


since every descending series of ordinals is finite, and since 
u‘*1(q) is well-defined if u‘(a) is a transfinite ordinal, there must 
exist a finite number m(a) such that p™@(a)=n(a), a finite 
number. 

There is thus associated a definite finite number n(a) with 
every transfinite ordinal a<Q;. If for every finite m the cor- 
responding set of ordinals a for which n(a) =n has the power 
N( <;_,, then the set of all ordinals <Q; would have the 
power 


DUNO Naa < Ns, 

i=0 
which is absurd. Hence there must exist a set K”’ of transfinite 
ordinals a<Q;, such that the power of K” is Ns and such that 
if a belongs to K, then uy” (a) = N, a fixed finite number. Simi- 
larly, there will exist a set K’ contained in K”’, of the same power 
as K’’, such that if a belongs to K’, then m(a)=M, a fixed 
finite number. 

The ordinals of the set K’ having been arranged in a well- 

ordered series (say, of type 95), 


consider the matrix of M columns in which the row of index 8 
contains the elements 


ag, u™ (as), 


in the order as given. Since in the first column of the matrix 
there are N; different ordinals, while in the last column the 
same number N is repeated, there must be a column of index 
q<M in which appear) Ns distinct ordinals, such that in the 
(q+1)th column there will appear at most N5-: distinct ordi- 


= 
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nals. As before, one can obtain from the gth column of the 
matrix at least one set K of §; distinct ordinals u* (a) for which 
all the u2+!(qa) are identical. 

Obviously, this set K is the one whose existence was to be 
proved. 

It may be noted that the Zermelo Axiom has been used freely 
in the above discussion. Further, it should be mentioned that 
the method of Alexandroff and Urysohn will also suffice to 
prove the theorem stated here; however, it is hoped that the 
method of proof presented here is not without interest. 

Finally, the specification in the theorem that 6 be a non- 
limiting number is essential, as is indicated by the following 
example. 

Let 6=w, the smallest transfinite ordinal, and consider the 
set of all the transfinite ordinals a<Q,, the power of the set 
being thus N,. If o<a<Q, we put u(a)=1; in general, for 
n=1, if we set =2,_1, where Q9=w. Except 
that 6 is now a limiting number, all the other conditions of the 
theorem are satisfied; yet the conclusion no longer holds. In- 
deed, u(a) is equal to one of the numbers 


1, w, 2), 


while the set of a’s for which, say, u(a)=2, has the power 
Niue 
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ON THE APPLICATION OF A THETA FORMULA TO 
REPRESENTATION IN BINARY 
QUADRATIC FORMS* 


BY GORDON PALLT 


In his remarkable 1285 dissertation,{ Applications of the 
Theory of Elliptic Functions to the Theory of Numbers, Nazimoff 
uses the formula (1) to derive the number of representations in 
x?+3y? and x?+5y?. Some of his theorems are not quite correct. 
He does not derive the series representing >_> q+?” since “the 
derivation is long and not difficult.” He states that the method 
has only limited application, since generally in (4) the A’s are 
functions of k. 

It is the purpose of this paper to give the essential details for 
x?+7y?, and to prove that the only cases ax?+ by”, ab odd, which 
are actually solvable by Nazimoff’s method are a=1, b=1, 3, 
5, 7. The final result for x?+-7y? is of course far from new. 

At the time this paper was written the writer intended to 
examine the products of series involved in other cases than 
a=1, b=1, 3, 5, 7, in the hope of obtaining information on 
N(n=x?+11y?) or other cases of several classes in a genus. But 
since then an arithmetic method has been discovered of finding 
a simple formula for the number of representations in any posi- 
tive, binary quadratic form. It is possible, after the details of 
this theory have been worked out, that there may be applica- 
tions to elliptic and modular functions. 

The formula which Nazimoff uses is 


where x, y run through all integers, a and b are given positive, 
odd, relative-prime integers, and 


(a—1)/2 (b—1)/2 


(2) = I] than). 


h=1 


* Presented to the Society at Pasadena, November 28, 1931. 
{ National Research Fellow, California Institute of Technology. 
t Translation by Arnold E. Ross, pp. 5-12. 


864 GORDON PALL (December, 


Here t(«) is an abbreviation for the elliptic function 


snudnu 
cn u 


Thus N(n =ax?+by?) is the coefficient of g” in the expansion 
in powers of g of the value for x =1/(ab) of the elliptic function 
(ab)—'/*6(u). We shall see in a moment that the latter, with 
t(u), has the periods u =2K and 27K’, and, in many cases, only 
simple poles. When this is so we can express ¢(u) as a sum of 
simple theta-quotients with coefficients independent of u. For 
example, 


(3) (u = 2Kx). 


the summation being extended to a representative set of poles 
x =a, and the coefficients A being the residues at these poles. 
When all the A’s are absolute constants, independent of k, our 
problem can be solved, since we have the formula 

(x) 
(5) = ctn m+4)> 


2r 


sin 2mrx, 


with which to form a comparison power series in q. 
We use the notations of Tannery and Molk, whence 


(6) u = 2Kx, + = iK’'/K, = expair. 
Hence f(hau), t(lbu) have the periods x =1, 7, and ¢(u) also has 


these periods. The poles of ¢(hau) are the zeros of the denomi- 
nator 32(hax)3s(hax), namely 


1 
7 x = —(m, + mer), 
7) Dak a) 


where 7, m2 are any integers of opposite parities; the zeros of 
t(hau) are given by (7) with m,=mz (mod 2). These poles and 
zeros are simple. Hence, if p is a positive integer, the number a 
such that 


(8) = + mer)/(2p), (mi, me, p) = 1, m, me (mod 2), 


is a zero or pole of t(hau) if and only if p |ha, and is the former 
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or the latter according as ha/p is even or odd. The number of 
multiples of » in the sequence 


a, 2a, - 2(b 1)a, 


with an odd quotient for p cannot exceed the number with an 
even quotient by more than unity. Hence each product II in 
(2) has only simple poles. If they have poles in common, ¢(z) 
has a double pole. This occurs, for example, with p=1 ifa=b=3 
(mod 4). For no pole a@ is 3;(a) =0. 

The poles of ¢(2Kx) in the parallelogram P=(0, 1, 7, 1+7) 
are easily found by the preceding method. If a=1, b=7 they 
are seen at once to be p+o7 and o+ 7, where 


(9) (o, = (2, 0), (4, 0), (4, 2), 9), 2), (, 9), (, 3), 3), 
(2, 3), (2, 3), (8, 0), (, 3), (8, 
Let us calculate the residue A of ¢(2Kx) at a simple pole 


x =a of the form (8). If p divides ha with an odd quotient, the 
limit as x—a of 


(x — a)-2K-t(ha-2Kx) 
is readily seen to be (—1)™+1/(ha). If the quotient is even, the 


limit as xa of t(ha-2Kx)/((x—a)2K) is simply ha. Write 
B=2Ka. By (4) and (5) and the preceding remarks, we find 


A = lim r(x — a)¢(u) = lim 2K(x — [ (han) 


where the primes indicate that the factors for which p |/b or 
p |ha are omitted, and Q is the product of the proper numerical 
factors (—1)™+1/(ha), ha, (—1)™*'/(la), la for these omitted 
values h and I. 

Now we readily verify that 


(10) 


(11) t(u + iK’)i(u) = 1 = — t(u)t(u+ K), 
(12) t(u + 2iK’) = t(u) = t(u + 2K), 
(13) t(2K) = 1, 


Hence, if p8=(2m+1)K+2niK’, m, n being integers, 
(14) t(rB)t(p — 1B) = 1 = — t(rB)t(p + 78), 


— 
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(15) t(3p8) = (— 1)”. 

If p8 =2mK+(2n+1)iK’, 

(16) t(r8)t(p — 18) = —1 = — t(rB)t(p + 78), 
(17) t(2p8) = (— 


Hence in the products JJ’ in (10), two factors the sum or dif- 
ference of whose arguments is p8 multiplied by an odd integer 
combine into a constant independent of k, and similarly for 
single factors t(}psB), s odd. 

Let a=1, b=9. Consider the pole a=1/(b—3), whence 
p=3(b—3), m,=1, m.=0. Except for a constant factor in- 
dependent of , the residue A is, by (14) and (15), 


t(3(b — 1)2Ka). 


This actually depends on k, since it reduces to 1 if k=1, and to 
tan (x/(b—3)) if R=0. 

Let b>a>1,and consider a =1/(2p), p=3(b—1)a. The second 
factor II’ in (10) is independent of k as above, but II,¢(lbB) is seen 
to depend on k, since it has the value 1 if k=1, and the value 
II, tan (lbr/((b—1)a)) ¥1 if k=0. 

Let a=1, b=3. Then @=(2K/zx)t(u). The poles in P are 
given by p=1, m,=1 or 0, me=0 or 1, and the residues A are 
respectively —1 and +1 by the rule for forming Q. 

Let a=1, b=5. Then ¢=(2K/z)t(u)t(2u). Only p=2 defines 
poles; and with it my, is 0 or 2, mz is 1 and 3, and vice-versa. By 
(15) and (10) the residues A for m; odd are 3(—1)(1—»/?, By (10) 
and (17), A=+42(—1)(™~/? if me is odd. 

We can easily derive Nazimoff’s series for x?+3y? and x?+5y?. 

Let a=1, b=7, =(2K/x)t(u)t(2u)t(3u). If p=1, each II’ 
in (1) is trivially unity, and 


A =Q = (— 1)™*1.2.(— 1) ™#1/3 = 3 


in all cases. If p=2, Q=(—1)™*1/2, and #(6)t(38) =(—1) ™* 
by (14) and (16). Hence A =} in all cases. If p=3,Q =(—1) ™*1/3, 
and #(8)t(28) =(—1)™ by (14) and (16). Hence A = —}. 

It follows that this method gives an immediate solution to 
the problem of finding the formula for N(m =ax?+ by?) only if 
a=1,b=1, 3, 5,7. 
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Write x=1/(ab), a=p+or. On combining (4) and (5), we 

have to calculate 

(18) >A. {sin2ena+ sin2rn(x—a)} = 


Sn = Agsin 2mna, = > Aq cos 2rna, 
a a 


where the summation is extended to the values a in P. Write 


where the prime indicates the omission of the values a=p+or 
for which ¢ =0. Then 


(20) ra + ctn x(x — a)} = 2i Dot, — 1) 
n=1 


o=0 
+ Aa{etn ma + ctn r(x — a)} 


Henceforth let a=1, b =7. The last sum in (20) is independent 
of k and must be equal to 7"? in view of (1). Since the denomi- 
nators p of 2a are 1, 2, or 3 the calculation of Sn, Cn, tn may be 
done conveniently modulo 6. For positive integers r, we find 
that 


= = g??-2 + {1 (- 4 
+ {1 +(- 1)r+1} g6r-2 + = 
And for any integer , 
Cn = 3{tr ttn} +n, 


where y, is the sum of the terms Ae?”*‘* for ¢ =0, that is, 


ter—e 


ver = (— 1)’, Ye-s = — 1, Yer4 = 1+ (- 1)’, 
Yer-3 = 0, 1+ (— yer = — 1. 
Since ¢, is real for every n, and since 
Sn = — — tn), 


Sn is purely imaginary. We may drop the imaginary parts, which 
must annul each other. Hence 


a 
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(21) getty = 7242 sin 
zy n=1 
= 


+4 ———- ¢, sin 
7 


Inserting the values of ¢,, Cc, calculated above, we find for the 
right member of (21) the expression 


5 
244 ee sin (127 — 10)— 
6r—1 
+4 ; sin (12r — 
(-1 
+ ) sin = 
1 
(22) 
+4 + ) sin (12r — 
1 
+4) —————— sin 12r — 6) 
(—1)"q* + — — q*. 12rx 


1 — q* 7 
The coefficient of g” in (22) may be calculated as follows. 
Write f(m) =2 sin (2mz/7). Form all factorizations n=dé of n 
into two positive factors and construct the following sums: 


> f(2¢), 
d = 1, 5 (mod 6) d = 1, 2 (mod 3) 
Disf(3d)(— 1), 


d = 0, 2, 4 (mod 6) d = 1 (mod 2), 6 = 1, 2 (mod 3) 


— f(3d)]. 
d = 0 (mod 3) = 0 (mod 2) 
6 = 1 (mod 2) 6 = 1, 2 (mod 3) 


Hence we have 
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If n =m is prime to 6, this reduces to 


(24) 7/2N(m = x? + 7y*?) = 2 + f(2d) — f(3d)]. 
d\m 


We now make use of a (Gauss sum) relation, which may be 
proved if desired by comparing coefficients of a small power of 
gq in (21): 


2dr 4dr 6dr 1/d 
7 7 7 2NG 


Hence, if m is prime to 6, 
(26) N(m = x? + = 2 7). 


Making use of (23) for one case we can easily establish by in- 
duction the formula 


N(n = x* + 7y*) = 2|a—1| 7), 


where n =2¢m, m odd, 
The factor la—1 | for a primary component 2¢ is character- 
istic of a discriminant d=4D, D=1 (mod 8). 
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QUADRATIC PARTITIONS—I 


BY E. T. BELL 


1. Introduction. This is the preliminary and longest note of a 
series which, by the kindness of the editors of this Bulletin, I 
hope to publish from time to time, giving some of the numerous 
general arithmetical theorems of a particular type which I have 
been accumulating for several years. To make this series self 
contained, I first recall the necessary definitions, and give once 
for all a few formulas that will be used repeatedly. Results and 
methods of two previous papers are indicated by numbered 
references.* 

Subsequent notes will contain only theorems, with statements 
of the elementary identities from which they follow. This will 
be sufficient to enable anyone who wishes to retrace the details 
of the proofs and verify the conclusions. I believe that present 
conditions of mathematical publication in this country demand 
the utmost brevity consistent with reasonable clarity. 


2. Parity. Let £=(x, - -- , Xn) be a one-row matrix or vector 
in which the elements x1, --- , X, are in a given field K. Write 
—f=(-—m,---, —x,). If f(&) is a single finite real or complex 
number whenever ,---,X, are in K, we say that f(£) is 


uniform over K. Let f(£) be uniform over K. Then, if f(—£) =f(&), 
we say that f(&) has parity p(n !) in £; if f(—£) = —f(&), and if 
further f(0,---, 0)=0, the parity is p(|n). Let us denote 


by £:,n;, (@=1, -- -,r;7=1, - - - ,s), vectorsin K, having no ele- 
ment in common. Then, if f(£:,---, &, mm, 1s) has parity 
p(n! |) in £;, and parity p( Inf’) inn; 
we shall agree to say that f(&, ---, &, m,--°-, ms) has parity 
nd’) in (&,---,&|m, and 
we write 


* (1) Arithmetical paraphrases, Transactions of this Society, vol. 22 (1921), 
pp. 1-30; 198-219; (2) A revision of the Bernoullian and Eulerian functions, 
this Bulletin, vol. 28 (1922), pp. 443-450. The material in (1) is included and 
generalized in (3) Algebraic Arithmetic, American Mathematical Society Col- 
loquium Publications, vol. 7, 1927, Chapters 2, 3; ibid., pp. 146-159, contain 
a complete account of the umbral calculus used in (2) and in some of the pres- 
ent notes. 
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The field K will be given explicitly, or by the context. Unless 
otherwise noted, K is the field of all rational numbers, and the 


values of the elements of &,---, &, m,°--, 1. are rational 
integers. 

3. Notation. As in the references in §1, 1, n;, d, 6, d;, 5;, t, ti, 
M,T, Vi, b, mi, (1=1, - - -), denote integers, of which 


n, ni, d, 5, di, 6;, t, t; are greater than zero, and otherwise un- 
restricted, m, 7, m;, 7; are greater than zero and odd, », v;, a, b 
are greater than, equal to, or less than zero and are unrestricted, 
Mt, Mi are greater than or less than zero and odd. 

If one or more of n, - - - , 4; occur under >., the sum refers to 
all n,--- , uw; as defined. 

A sum )*° in which b <a is vacuous, and is to be suppressed. 

The umbra (see §1, references (2), (3)) of the sequence 
&o, &:,---, &,---, in which the first element has the suffix 
zero, is £ Symbolically, &=£,,(s=0,1,---). I define the 
(umbral) indefinite integral of — to be £’, where &’ is the umbra of 
£.41/(s +1), (s=0, 1, - - - ). The even suffix notation is used (as 
in paper (2)) for the numbers of Bernoulli, Euler, Genocchi, and 
Lucas, whose respective umbrae are B, E, G, R. Hence B’, E’, 
G’, R’ are defined. The sequences of functions associated with 
B, G, E, R, whose respective umbrie are 8, y, 7, p, are as in the 
paper (2). If necessary to indicate the argument x, we shall 
write B(x), etc. Thus B(x) is the umbra of 8,(x), (s=0,1,-- -); 
B’(x) is the umbra of B.;:(x)/(s + 1), (s = 0,1,---). 


4. Partitions. Let n (§3) be constant, and let Q(x, --- , xp) 
be any polynomial in x1,---,%, with coefficients in K(§2). 
The totality of vectors (x1, - - - , x»), whose elements are in K, 
such that n=Q(x,---, Xp), will be called the Q-partition of 
n. If this partition contains an infinity of distinct vectors, we 
impose conditions C(x1,---,%Xp) upon %1,---, Xp, such that, 
subject to C(x, - -- , xp), the Q-partition contains only a finite 


number of distinct vectors, and refer to this as a restricted par- 
tition. Restrictions will always be stated explicitly; otherwise, 
the partition is unrestricted. If x1, - - - , x» occur under )., the 
sum is with respect to the partition, and the limits need not be 
otherwise indicated. 

If Q above is homogeneous of degree 2, the partition is called 
quadratic. 
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5. Special Functions. The following will occur frequently. If 
x is real and positive, [x] in an exponent or as a summation 
limit denotes the greatest integer in x. If y is real and different 
from zero, sgn y is defined (as usual) by sgn y=yly|, and 
sgn 0=0. Hence, for real u, v, 


sin v) = sgnvsin 


for z real, #0, and x, y real, 


cos (« sgn z) = cos x, 
y sgn 2), 


sgn zcos x cos y + sin x sin y = sgnz cos (x 
sgn z sin x cos y + cos xsin y = sgnzsin (x + ysgnz). 


Referring to §3, we define e(v) to be +1 if vy is even; —1 if v is 
odd. Refer to §2 for &. If f(£) has an expansion of the form 


a1 an 


which is convergent in some non-zero region of the n-space of &, 
we say that f(£) is an entire function of &. In particular, a poly- 
nomial in x1, --- , X, is entire in &. 

The previous notation (paper (1), p. 207) usc(x, y) for the 
doubly periodic functions of the second kind, 


of which there are 16, will be used. The remaining 48 expansions, 
not available in previous work, have been obtained by D. A. F. 
Robinson, and will be printed elsewhere.* 

6. Special Umbral Identities. In the passage from trigono- 
metric identities to their equivalents in terms of parity func- 
tions, the trigonometric terms having simple poles at the origin 
play a particular part; see paper (1), p. 204. Such terms con- 
tribute sums of parity functions one or more of whose arguments 
are in arithmetical progression. The residue of the pole must be 
zero in any trigonometric identity paraphrased. If it is not im- 
mediately obvious that the residue vanishes, the fact that it 
must gives a subsidiary theorem. The following formulas, which 
will be frequently used, enable us to write down the residues 
without calculations in one type of theorem; £ is umbral as in §3. 


* Probably in the Transactions of the Royal Society of Canada. These ex- 
pansions will be stated when used. 


= 
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2 ctn x sin (Ex + y) = 2x71£9 sin y + cos {p’(é)x + y} ; 
2 ctn x cos + y) = 2x71!) cos y — sin {p’(é)x + y} 
4 tan x sin + y) = cos {y/(é)x y}, 
4 tan x cos (§x + y) = — sin {y/(é)x y} 
2 sec x sin (Ex + y) = sin {n(é)x ae y}, 
2 sec x cos (Ex + y) = cos {n(é)x y}; 
csc x sin (Ex + y) = x71) sin y + cos { p’(é) x+ y} ; 
csc x cos (Ex + y) = a7 cos y — sin { + y}. 
7. Trigonometric Identities. From the identities on pages 
204-5 of paper (1), we write down eight which generalize them 


and greatly reduce algebraic work later. Refer to §§3, 5, and 
write 


Then 


csc x sin (vx + y) = [{1 = e(v)} ctn x + e(v) csc x] sin y 


N 
+ sgn v[{1 e(v)} cos y+ 2 > cos { (2r — e(v))xsgny+ y} |; 


r=1 
(— 1) sec x sin (vx + y) = e(v) sec x sin y 
+ {1 — e(v)} sgnv tan x cos y+ {1 — e(v)} sin y 


N 
+ 2 1)’sin {(2r — e(v))x sgnv + y}; 


r=1 
tan x sin (vx + y) = (— 1)%e(y) tan x sin y 
+ (— 1)¥ {1 e(v)} sgn vy sec x cos y(— 1)” 
+ (— sgn v[e(v) cos y — (—1)*cos(vx+y) 


M 
+2 cos {(2r—1+e(v))x sgn v+-y} ]; 


r=1 


N= w= 1]. 
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ctn x sin (vx + y) = [e(v) ctn x 


+f1i-— e(v)} csc x] sin y + sgn He) cos y + cos (vx + y) 


M 
+2 > cos { (2r — 1+ e(v))xsgny+ |. 
r=1 

The remaining four are written down from these by replacing 
y by y+7/2. All will be used to reduce terms involving csc, sec, 
tan, ctn in trigonometric identities before passing to parity 
functions. 

8. General Umbral Identities. The principle of paraphrase 
stated in paper (1), pages 4, 5, can be extended to umbral sines 
and cosines, identities between which paraphrase into identities 
between entire functions as defined in §5. That is, the elements of 
the one-row matrices, or vectors, in the principle as previously 
stated, can be replaced by umbrae. It is necessary only to define 
parity for functions of umbrae, and it will be sufficient to state 
the definitions for functions of one umbra £. If f(x) =f(x » is an 
entire function of the ordinary x, we say that f(£) (=f(€!)) has 
parity p(1|) in £. According to this definition and what precedes, 
f(&) is of the form 


Poko + +---+ 


where the series either converges or terminates. If g(—<x) 
= —g(x), we say that g(€) (=g({£)) has parity p( |1) in £, and 
g(£) is of the form 


The condition g(0) =0 is not imposed, as it is not required here. 
To see how the principle goes over to umbrae the following 
case will suffice. Let 


S(E) = + poke + --- + poskos; 
let x be an ordinary umbra, and a, J, - - - , c umbrae such that 
cosax + cosbx+---+ coscxr =0 


is an identity in x. Then 


f(a) + f(b) + f(o) = 9. 


| 
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For, the given identity implies 
Oxy + be +---+er=0, (r = 0,1,---); 
and therefore 
po(ao + bo +---+ 60) + t+ 
+ prs(d2s + bes +--+ + = 0; 
which is the stated conclusion. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


ON SYMMETRIC PRODUCTS OF 
TOPOLOGICAL SPACES* 


BY KAROL BORSUK AND STANISLAW ULAM 


1. Introduction. This paper is devoted to an operation that is 
defined for an arbitrary topological? space E and is analogous 
to the operation of constructing the combinatorial product 
spaces.{ We shall be concerned with the topological properties 
of point sets defined by means of the above operation when 
executed on the segment 0<x <1. 

Let E be an arbitrary topological space. Let E* denote the 
nth topological product of the space E, that is, the space whose 


elements are ordered systems (x1, %2, - - - , Xn) of points xeE. By 
a neighborhood of a point (x1, x2, - - - , Xn), we understand the set 
of all systems (x/, x7, ---,X), where x/ belongs to a neigh- 


borhood u; of the point x; in the space E.{ 

The operation with which we are concerned in this paper con- 
sists in constructing a space which we shall call the mth sym- 
metric product of the space E and denote by E(m). Its elements 
are non-ordered systems of u points (which may be different or 
not) belonging to E. Two systems differing only by the order or 
multiplicity of elements are considered identical. A non-ordered 
system or simply a set consisting of m points x1, -- - , x, from the 
space E will be denoted by { x1, If u; is a neighbor- 
hood of the point x; in the space E, then the set of all systems 


* The definition of symmetric products is given below. 
t In the sense of Hausdorff, Grundziige der Mengenlehre, p. 228. 
t See, for example, F. Hausdorff, Grundziige der Mengenlehre, p. 102. 


| 
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} ~0 for i=1, 2,---,m will be, by defini- 
tion, considered as the neighborhood of the point { x1, x2, - - -,xn} 


in the space E(n). 

It may be important to observe that the sets E(m) constitute 
a monotonic sequence of subsets of the space 2”,* that is, the 
space whose elements are compact subsets of the space E.f The 
sets E(n), with finite dimensionality,{ if E is compact and of 
finite dimensions, approximate in a certain sense the space 2°; 
we have, in fact, the following formula: 


\E(n). 
n=1 
The study of E(n) may, therefore, throw some light on the 
structure of 27.§ 

In the case where E is a metric space and |x’—x | denotes the 
distance of two points x, x’eE, we may consider E", and E(n) 
also, as metric and by means of the following formulas define the 
distance of two points of these spaces: 


n 
i=1 


and 


|, 


= Max[ Sup Inf | x; — x | ; Sup Inf |x;- Xi 
1Sjsn 1Sjsn 
respectively.J 
We shall show that, generally speaking, the operations of 
constructing the combinatorial and the symmetric product of 
the space E lead to topologically different results. Thus in the 


* This very convenient notation was introduced by C. Kuratowski, Funda- 
menta Mathematicae, vol. 17. 

+ F. Hausdorff, Grundziige der Mengenlehre, p. 293. 

t See (b), §2. 

§ The space 2” has been recently an object of some studies. See F. Haus- 
dorff, Grundziige der Mengenlehre, p. 145; S. Mazurkiewicz, Fundamenta 
Mathematicae, vol. 16, p. 151, and others. 

See Hausdorff, loc. cit. 
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case where E is a one-sphere, that is, the circumference of a 
circle, EZ? is the surface of an anchor ring (torus) and E(2) is 
the well known one-sided Mébius strip. Neither of these sets is 
topologically contained in the other. This example may suffice 
to show that the symmetric products are apt to be used as 
means of simple definitions of interesting topological spaces. 

In this paper, however, we shall be concerned with the space 
I(n), I being the segment 0<x<1. The first question to be 
treated is whether or not I(m) is topologically equivalent with 
a subset of the m-dimensional euclidian space R* (R is the set 
of all real numbers). 

We formulate our problem in the following manner in order 
to emphasize certain algebraic analogies. 

A real-valued function (x, x2, - - - ,X,) of m real variables will 
be called essentially symmetric if and only if its value depends 
upon the set x1, %2, - ~~, x, and not upon the order or multi- 
plicity of the x’s. Our problem may now be given the following 
formulation: Does there exist a system of functions $;(x1, x2, 

-,x,), (¢=1, 2,---, m), which satisfies the conditions (a) 
the functions ¢; are essentially symmetric and continuous for 
0<x <1; (b) the system of equations $;(x1, x2, - - - , Xn) =yi has 
at most one solution for every system 1, Ye, Vn? 

We show in §9 that the answer to our question is affirmative 
for 7=1, 2, 3 and negative for 724. 

2. Invariants. Let us consider a function ¢ defined on the set 
E” by the formula 


This function transforms E” on E(n) continuously and every 
point belonging to E(m) is an image of at most m! points of the 
set E*. If we recall well known properties* of the space E* and 
continuous transformations, we obtain the propositions: 

(a) The properties local-connectedness, separability, compact- 
ness, arcwise connectedness, absolute Gs, compactness and local 
connectedness at once, are invariants under the operation of con- 
structing the symmetric product. 

(b) If E is compact, then 


* F, G. van Dantzig, Fundamenta Mathematicae, vol. 15, p. 117. 
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Dim E* < Dim (E(n)) S Dim E* +n! — 1 S n*-DimE+ n!—1.f 


The question whether or not the following topological proper- 
ties are invariants by the operation of symmetric product 
remains unsolved: 

(a) To be a locally connected unicoherent continuum. 

(8) To possess a fixed point. 

(y) To be an n-dimensional Cantor manifold. 

(5) To be an absolute retract.t 

It may also be interesting to know the exact relation between 
the dimensions of E and E(n). Finally we wish to find the rela- 
tion, if any, between the combinatorial characters, that is, the 
Betti and torsion numbers, of E and E(n). 


3. THEOREM 1. Let A be an everywhere dense subset of the dense 
space E. Then A(n) —E(n—1) =E(n) for n=2, 3,---. 


Let X2, x, }eE(n) and U; be, for 2,---,m,any 
arbitrary neighborhood of the point x; in E. 

We have to show that there exists a set { xi Pee beA 
(n) —E(n—1) such that {xi, } and 


for 7 = 1,2,---,%. 
The set A constitutes an everywhere dense subset of E. 


Hence for each i=1, - - - , m, there exists a sequence [x ] con- 


sisting of different points of the set A-U;. Putting xf =x{ and 


supposing that for a certain p such that 1<p<m the points 


xe are already defined, we put equal 
to the first term from the sequence x{”*” different from all x/. 
Thus we obtain different points x7,---, x,€A ora 
point {xi, re } from the set A (nm) — E(n—1), such that 
xy =x’eU,. Hence the theorem is proved. 

4. THEOREM 2. The set I(n)—I(n—1), for n=2, 3,---, is 
homeomor phic with a subset of R". 

Let T be a subset of R* consisting of all points (1, %2, +--+, Xn 
which fulfill the conditions --- <x,S1. For 


* W. Hurewicz, Proceedings of the Amsterdam Academy, vol. 30, p. 164. 

| K. Menger, Dimensionstheorie, p. 246. 

tA subset B of A isa retract of A if there exists a continuous function f, de- 
fined on A, such that f(A) =B and for every xeB, f(x) =x. An absolute retract, 
is, by definition, a homeomorph of a retract of the fundamental Hilbert cube. 
See K. Borsuk, Fundamenta Mathematicae, vol. 17, p. 153 and p. 159. 


| 
| 
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(x1, %2, °° ,Xn)eT let us put (x1, x2, -- -, Xn) = { x1, x2, -,X_}. 
It is evident that y is a homeomorphism which carries T on 
I(n) —I(n—1), which was to be proved. 


5. THEOREM 3. Dim I(n) =n. 


In view of 1 (b) and the known fact that Dim J* =1 it will be 
sufficient to prove that 


(1) Dim /() S n. 


The truth of inequality (1) is evident if m =1, that is, J(1) is iden- 
tical with the segment 0<x<1. Let us suppose now that for 
a certain k the inequality (1) is proved. The set J(k+1)—J(k) 
is open ((a), §2); hence it is an F, of dimension at most k+1. 

Regarding equality 7(k+1) =I(k) + [I(k+1)—I(k)] and ap- 
plying Menger’s “Summensatz,”* we obtain the desired in- 
equality. 


6. THEOREM 4. Let A denote the segment I without its two ends: 
A =I—(0)—(1). Then, for each pair of points, {xf } 
and {x{’, xf’, } of set A(n)—I(n—1) for n=2,3,---, 
there exists a subset of A(n)—I(n—1) homeomorphic with I" and 
containing both points. 

Proor. We do not diminish the generality if we put 
(2) <4 


and for a certain zo, (1 Sm), 
(3) ti, < Xi, 
Let us put for each --- , tn)eR” 
(4) { to, = xf + — xi) + bi, for i Fin, 
te, tn) = Vio + ti( xi, — Xi, 


From (2) and (4) it follows that there exists a positive number 
a such that the inequalities 


(5) 0 S#;, 1, and < x 


include the inequalities 


* See K. Menger, Dimensionstheorie, p. 93. 
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(6) 0 < bn) < te, tn) 
< +--+ < >, 8) <1. 


The points of R* with the coordinates 4, f,---, tr which 
satisfy the inequality (5) form in R* a set P, homeomorphic 
to For each point (t, fz, - - - , let us put 


a(th, bn), Salli, be, ba)}. 
This is a continuous function on the compact set P, and, with 
regard to (3) and (4), a one-to-one correspondence (the second 
of the equations (4) can be solved for ¢;,, the rest for t;, 77,). 
Since the function f carries P,, homeomorphically on a subset of 
the set A(z) —I(n—1) (from (6)) and 


f, 0,---,0,1,0,---,0) = {xf’, 2f’,---, 


our theorem is proved. 

7. THEOREM 5. I(n) is an n-dimensional, locally-connected 
Cantor mantfold.* 

In view of (a), §1, and Theorem 3, it remains to be shown that 
no compact (m—2)-dimensional subset C from J(m) cuts I(n). 
Since J” is an n-dimensional Cantor-manifold,{ it follows from 
(5) that A(z) —I(n—1)—C is connected and everywhere dense 
in A(n)—I(n—1). Hence, it follows that from §3 


A(n) — I(n — 1) — Ce I(n) — Ce I(n) 
= A(n) — I(n — 1) = A(n)— I(n — 1)—C, 


which includes the fact that I(n) —C is connected. 
8. THEOREM 6. For n=1, 2, 3, I() ts a homeomorph of I”. 


Proor. Let {x, y, z}eI(3). Since order and multiplicity do not 
matter, we can suppose that 0O<x<ySz<1. Moreover, x=y if 
and only if x=y=z. Let us put 


(7) f(x, y, = E(x, y, 2), a(x, 2), £(x, 9, 2)) 


* See, for example, K. Menger, Dimensionstheorie, p. 217. 
+t K. Menger, Dimensionstheorie, p. 268. 
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where the coordinates £, 7, ¢ of the points (£, 7, ¢)eR® are defined 
by the formulas 


\(z — x)-sin (2 ), 


(8) (x, y, 2) = 
0, if z= 2; 

2 — %)-cos { 2x- 

(9) a(x, 9,2) = 
lo, > =<; 


(10) y, 2) = x. 

It is easy to observe that f transforms J(3) homeomorphically 
on a cone S, whose base is a circle in the plane ¢ =0 with the 
center (0, 0, 0) and radius 1 and whose vertex is the point 
(0, 0, 1); f(1(2)) is a triangle with vertices (0, 0, 0), (0, 1, 0) 
and (0, 0, 1). Finally f(7(1)) is a segment Z with the ends 
(0, 0, 0) and (0, 0, 1). As a cone is homeomorphic with /* and a 
triangle with J?, we obtain our theorem. 


9. THEOREM 7. For n24, I(n) is not homeomorphic with any 
subset of R*. 


Let J denote the segment —1<x<1. Noting that J(m) and 
J(n) are homeomorphic, it will be sufficient to prove that there 
does not exist a homeomorphism h between J() and a subset 
of R*; Let 
(11) O=Ejx,y,2,x,,- + + ,%-3} [OS y S$2S1,y =xif and onlyif x=y =z, 


1 1 
and|«; +—|<—for1 S<i<n-— 3]. 
nN 3n 
Let us say, for each { x, Xn—3} €Qs, where 
X, Y, 2, X1, Xe, , are chosen in such a way that the in- 


equalities (11) are satisfied, that 
x, Y, 2, X2,° °° y tn—s}) (é, ; £1, En-3), 
where &, 7, ¢ are defined by (8), (9), (10), and 


nN 


From the definition of ¢ and the properties of f expressed by 


| 
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(7) it follows immediately that ¢(Q) isa combinatorial product* of 
S and an (n—3)-dimensional product of the segment [—1/(32), 
1/(3n)], that is, topologically a homeomorph of .. The point 
f({4, 3, 3}) is (by (7), (8), (9) and (10)) an inner point of the 
cone S; it follows that the point 


(13) ({- 1 1 1 2 “—=\) 


is an inner point of $(Q). 

Applying Brouwer’s theoremj of the invariance of region in 
R, we conclude that the point h(3, 3, 3, —1/n, —2/n,---, 
—(n—3)/n) is an inner point of h(J(n)). Now let us consider 
the sequence [p;] of points from the set J(n): 


1 1 1 n— 3 


We have p: non €Q and 


{- 1 1 1 2 
2 2: n n n 


Noting that # is a homeomorphism, we have further h(p,)eR” 
—h(Q) and 


1 1 1 1 2 n— 3 
2 2 n n n 


which is impossible by (13). This proves our theorem. 
It may be interesting to know whether or not I(n) is homeo- 
morphic with a subset of R**}. 


Lwow, PoLanp 


* See Hausdorff, Mengenlehre. 
{ L. E. J. Brouwer, Mathematische Annalen, vol. 71, pp. 305-313. 
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ON THE APPLICATION OF MARKOFF’S THEOREM 
TO PROBLEMS OF APPROXIMATION 
IN THE COMPLEX DOMAIN* 


BY DUNHAM JACKSON 


In a recent note,f the writer has discussed an extension to the 
complex domain of a method previously used in connection 
with problems of the approximate representation of real func- 
tions, in which the proof of convergence is based on Bernstein’s 
theorem on the derivative of a polynomial or trigonometric sum. 
The discussion for the case of a complex variable involved cer- 
tain restrictions on the boundary of the region with which the 
problem was concerned. The object of the present paper is to 
show how these restrictions may be somewhat lightened, at the 
expense, to be sure, of a compensating increase in the stringency 
of the hypotheses on the function to be approxiimated, if 
Markoff’s theorem on the derivative of a polynomial is used in 
place of that of Bernstein. 

Markoff’s theorem may be stated for the purpose in hand as 
follows. 

If P,(2) is a polynomial of the nth degree such that |P,.(z) |<L 
at all points of a line segment of length 2h in the z-plane, then 
|P.! (2) | <m?L/h at all points of the same segment. 

The theorem is commonly stated for an interval of the axis 
of reals, and more particularly for the interval (—1, 1), thus: 
If | | SL for —1Sx3S1, then (x) | <n*L throughout 
the interval. If the hypothesis of the more general statement is 
given for the segment connecting the points 2; and 2, the sub- 
stitution z=a+ fz’, with a=3(21 +2), B=3(ze—21), |B| =h, re- 
duces one to the other. In the formulation for the interval 
(—1, 1), to be sure, the coefficients are ordinarily thought of as 


* Presented to the Society, September 8, 1931. 

+ On certain problems of approximation in the complex domain, this Bulletin, 
vol. 36 (1930), pp. 851-857. 

t See, for example, Marcel Riesz, Eine trigonometrische Interpolationsformel 
und einige Ungleichungen fiir Polynome, Jahresbericht der Deutschen Mathe- 
matiker-Vereinigung, vol. 23 (1914), pp. 354-368; pp. 359-360. 


i 
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real, but this restriction is not necessary.* For multiplication of 
the polynomial by a constant of modulus unity does not change 
either its absolute value or the absolute value of its derivative; 
and if the maximum M of the absolute value of the derivative is 
attained for x =p there is no loss of generality in assuming that 
a suitable constant factor has been introduced to give P,! (xo) 
itself the real value M. Then, if 7,,(x) and iv,(x) are the real and 
pure imaginary parts of P,(x), (x9) = and 2, (x») =0, and 
since |1,(x) |< |P,(x) | <Z throughout the interval, application 
of the theorem to the real polynomial u,(x) gives M<n°L. 

Let R be any (finite) region of the planef for which there is a 
positive number / such that from every point of the boundary a 
line segment of length 2/4 can be drawn belonging wholly to the 
region. Let P,(z) be a polynomial of the mth degree, and let L 
be an upper bound for its absolute value in R. (By the maximum- 
minimum theorem, together with the continuity of P,(z), the 
requirement in the last clause is fulfilled if |P,(z) | <L through- 
out the interior of R, or, on the other hand, if |P,(z)|<L 
everywhere on the boundary.) Under the conditions stated, 
every point of the boundary is a point of a line segment of length 
at least 2h, on which |P,,(z) | does not exceed L. By Markoff’s 
theorem, consequently, |P,’ (z) | <n*L/h at every point of each 
of these segments, and in particular at every point of the boun- 
dary of R. From this it follows further that |P. (z) | <n?L/h 
throughout the interior of R. The result may be summarized 
for reference as follows. 

If Ris a region of the character specified above, and if P,,(z) is a 
polynomial of the nth degree such that |P,(z)|<L throughout R, 
then |P,! (z)|<kn?L throughout R, k being a constant which de- 
pends only on R. 

By way of commentary on the scope of the theorem, it may 
be noted that the hypothesis with regard to R is satisfied if R is 


* The admissibility of complex coefficients is pointed out by Riesz, loc. cit. 
For a transition similar to that made here see also S. Bernstein, Legons sur les 
Propriétés Extrémales et la Meilleure Approximation des Fonctions Analytiques 
d’une Variable Réelle, Paris, 1926, p. 45. 

{ In connection with the general problem of the extension of Markoff’s 
theorem, as well as that of Bernstein, to the complex domain, see also G. 
Szegé, Uber einen Satz von A. Markoff, Mathematische Zeitschrift, vol. 23 
(1925), pp. 45-61; for the case of Bernstein’s theorem on a circle in the com- 
plex plane, M. Riesz, loc. cit., p. 357, and S. Bernstein, op. cit., pp. 44-45. 


1931] MARKOFF’S THEOREM 885 


any convex region bounded by a Jordan curve, or is made up of a 
finite number of such regions. For, in the case of a single convex 
region, if the boundary is divided into four segments in any 
way, the line joining any point of one segment to any point of 
the opposite segment has a positive minimum length, and be- 
longs wholly to the region. The truth of the statement with 
regard to a composite region is an immediate corollary. 

Now let R, whether meeting the terms of the last paragraph 
or not, be a region satisfying the original hypothesis as to the ac- 
cessibility of all points of the boundary by line segments whose 
lengths have a positive lower bound, and let the boundary of R 
be a simple closed Jordan curve: 


«= 9), y= v0), 
where p(t) and y(t) are continuous functions with period p, and 
| — o(4) | +| — | 


for 0< |t—t;|<p. It would make no essential difference if R 
were a multiply connected region bounded by a finite number 
of such curves, or made up of a finite number of separate re- 
gions of similar character, but for simplicity the discussion will 
be formulated for the case of a single simply connected region. 

Let f(z) be a function analytic throughout the interior of R, and 
continuous on the boundary. Let p(t) be a bounded and measurable 
function of period p, with a positive lower bound. Let P,(z) be 
determined among all polynomials of the nth degree as the one for 
which the integral 

Pp 
Pale) 2 = 60) + 
0 
has the smallest possible value, m being a given positive constant. 
This minimum problem has a solution, and for m>1 the solu- 
tion is unique; the essentials of the proof, as applied to various 
problems of similar character, are well known. 

The problem of approximation to which the above corollaries 
of Markoff’s theorem are to be applied is that of the convergence 
of P,(z) toward f(z) as n becomes infinite. 

For this purpose one more assumption will be made with regard 
to the boundary of R, namely that the functions $(t), Y(t) satisfy a 
Lipschitz condition: 
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| — $(t:) | te — ty|, | — ¥(t) | = te — : 


The construction of a convergence proof then involves merely 
the adaptation of processes of reasoning which have been used 
repeatedly elsewhere.* 

Let ~,(z) be an arbitrary polynomial of the mth degree; let e, 
be the maximum of f(s) — pa(z) | on the boundary of R; let 
r,(z) =f(z) — p»(z); and let r,(z) = P,.(z) — pn(z). Then 


rn(2) — ma(z) = f(z) — P,(2), 
Yn = | f(z) — P»(z) |" dt = | rn(2) — ma(z) |” dt. 
0 0 


Let u, be the maximum of |r n(z) | on the boundary, 2 a point 
of the boundary at which this maximum is attained, and #, the 
corresponding value of ¢ in the interval (0, p). 

Markoff’s theorem, as extended above, yields the fact that 
| (z) | <kn*u, throughout R. So 


| — = f ()ds| < fi | ds kn*y,0, 


if the integral is extended along any rectifiable path which goes 
from 2; to z without passing outside of R, and if ¢ is the length of 
this path. The boundary of R is rectifiable, by virtue of the 
Lipschitz condition on ¢ and y. Hence it is readily deduced that 
ln (2) | remains greater than 3, over an arc of the boundary 
whose length is of the order of 1/n?. By more specific application 
of the Lipschitz condition, z will remain on such an arc as ¢ varies 
from ¢, over an interval having a length of the order of 1/n?. 
Reasoning of the type set forth in the various passages referred 
to then shows that 


r,(z) — | = | f(z) P,,(z) | = cn*!,, 
where c is independent of n. 
For uniform convergence of P,,(z) toward f(z) in the interior and 


on the boundary of R itis sufficient that it be possible to choose poly- 
nomials p,(z) for each value of n so that lim,_,,.n*!"€, =0. 


* See, for example, D. Jackson, On the convergence of certain trigonometric 
and polynomial approximations, Transactions of this Society, vol. 22 (1921), 
pp. 158-166; The Theory of Approximation, New York, 1930, pp. 82-86, 96-98; 
this Bulletin, loc. cit. 
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The restriction on f(z) in this conclusion is more severe than 
in the earlier paper in this Bulletin, to the extent that the factor 
n/™ in that paper has been replaced by n?/™; but the regions R 
admitted here are considerably more general. For example, the 
earlier result is not applicable to a rectangular region, which is 
admissible as a very special case under the present hypotheses. 
With respect to the question of uniform convergence throughout 
the given closed region, the present result is intermediate be- 
tween the earlier one given by the author and those obtained by 
Walsh* for still more general regions, under the hypothesis that 
the function represented is analytic on the boundary. 

The scope of the present method can be somewhat broadened, 
as far as the character of the region is concerned, by generalizing 
the original statement of Markoff’s theorem in other directions. 

Attention will be given next to the case of trigonometric sums 
in a real variable. 

Let C,(0) be a cosine sum of the mth order, an expression of 
the form 


a + a,cos0+----+ a, cos 6; 


the coefficients may be real or complex. Let L be an upper bound 
for |C,(6)| in the interval yS0<5, 0<y<5<z. If x=cos 8, 
C,(8) is a polynomial of the mth degree in x, P,(x), and 
|P,.(x)| < L for cos § S$ x S cos y. Hence |P,/(x)| < cm?L 
throughout the same interval, if c, stands for the quantity 
2/(cos y—cos 6), the reciprocal of half the length of the inter- 
val over which x ranges, and 


| (0) | =| (x) || dx/do| < 


(Either of the extreme values y=0, 5=2z could be admitted 
here equally well, but they are to be ruled out in the following 
paragraphs. If the hypothesis is satisfied for 0<0<z7, it is satis- 
fied for all values of 8, and Bernstein’s theorem is applicable.) 

Let S,(@) be a sine sum of the mth order, and let |S,(8) | =f 
for y $056, with 0<7y<6<z as before. It is possible to write 
S,(0) as the product of sin@ and a cosine sum of order »—1, 
which may be denoted by C,_1(6), and the latter is a polyno- 


* J. L. Walsh, On the overconvergence of sequences of polynomials of best ap- 
proximation, Transactions of this Society, vol. 32 (1930), pp. 794-816; Note 
on the overconvergence of sequences of polynomials of best approximation, the 
same Transactions, vol. 33 (1931), pp. 370-388. 
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mial of degree n—1 in x=cos@. Let this polynomial be called 
P,,_1(x). Then, throughout the range specified, 


| Prs(x)| = | Crr(6)| =| S,(0)/sin 0| 
if co is the larger of the quantities csc y, csc 6. It follows that 
P,_,(x) | S — S — 1)L, 
| | = | Pa(x)|| dx/d0| < crco(n? — 1)L, 
Si! (0) | = | sin @C,_1(0) + cos 0C,_1(8) | 


S — 1)L + coh S L, 


the last inequality being justified by the fact that c.>1. 

Now let 7,,(@) be an arbitrary trigonometric sum of the mth 
order, and let |T,(0)|<L, not only for y<0@<4, but also for 
In the resolution 


T,(0) = 3[T.(6) + T.(— + 3[7,(0) — T.(— 


the expressions in brackets are a cosine sum and a sine sum re- 
spectively, and each has 2L as an upper bound for its absolute 
value in the interval y <@<6. From the results of the two pre- 
ceding paragraphs it is deduced that if? (6) | S2c,con*L. Since 
a cosine sum is an even function, and a sine sum is an odd func- 
tion, this relation holds for the interval —6<@< —y also. 

As the substitution 6’=@—6, carries over a trigonometric 
sum of the mth order into an expression of the same form, the 
symmetry of the intervals (—6, —-), (vy, 6) with respect to the 
point @=0 has no significance; the essence of the conclusion is 
that if \T (8) | <L throughout two separate intervals of equal 
length, (8) | <c3n*L throughout the same intervals, where 
cz is a constant depending only on the length of the intervals 
and the distance between them. 

To pass from this to an assertion of more general utility, let 
T,,(6) be an arbitrary trigonometric sum of the mth order, with 
real or complex coefficients, and let \T,(8) | <L for a<@S68, 
where a@ and 8 have any values; it may be assumed without 
sacrificing anything in the result that 8—a<2z, since otherwise 
Bernstein’s theorem would be applicable. Let the interval (a, 8) 
be divided into four equal parts. The conclusion of the last 
paragraph may be applied to the first and third of these parts, 
and again to the second and fourth parts, to show that vz (6) | 


1931.] MARKOFF’S THEOREM 889 


<c3n*L throughout the whole interval (a, 8), where cz has the 
appropriate value for the pairs of intervals indicated. In sum- 
mary: 

If T,(0) is a trigonometric sum of the nth order such that 
|T,,(0) | SL throughout a specified interval of length less than 2r, 
then |T,! (0)|<k’n?L throughout the same interval, k’ being a 
constant which depends only on the length of the interval.* 

To return to the complex plane, let P,,(z) be a polynomial of 
the nth degree, and L an upper bound for |P,,(z)| on an arc of 
the circle |z—z0| = R, given by the specifications = Re’, 
a<6<f8. On the circumference of the circle, P,,(z) reduces to a 
trigonometric sum of the mth order in 0, T,(0). For aX@<8, 
furthermore, |T,,(8) | <L. Consequently 


(2) | (0) |/R S L/R. 


Hypothesis and conclusion may be put together as follows: 

If P,() is a polynomial of the nth degree such that |P,(z)|<L 
at all points of a circular arc in the z-plane, then |P,! (z) | <Kn?L 
at all points of the same arc, where K is a constant depending only 
on the radius and length of the arc; for arcs of equal angular measure 
K may be taken inversely proportional to the radius. 

It is possible now to formulate immediately a lemma of simi- 
lar character, and to proceed thence to a proof of convergence 
of sequences of approximating polynomials, for certain two- 
dimensional regions to which the earlier reasoning based on 
Markoff’s theorem for a rectilinear segment would not have 
been applicable; for example, a region bounded in part by two 
circular arcs tangent to each other internally. Space will not be 
taken here to give the statements at length. 

The analog of Markoff’s theorem can be extended directly 
to arcs somewhat more general than circular arcs, namely to 
any arc given by equations of the form x =¢(¢), y=y(t), where 
@ and y are polynomials or trigonometric sums such that 


* For a corresponding corollary of Bernstein’s theorem, see D. Jackson, 
A generalized problem in weighted approximation, Transactions of this Society, 
vol. 26 (1924), pp. 133-154; pp. 139-145. While there is no mention of complex 
coefficients in the passage cited, it is obvious that the admission of such coeffi- 
cients raises a question only as to the value of the constant in the right-hand 
member of the inequality, and is trivial as long as the constant is left un- 
specified. 
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¢’(t)|+ |W’(t) | >0 over the range of variation of ¢ (inclusive 
of its end points). For if P,(z) is a polynomial of the mth degree 
it is expressible on the curve as a polynomial or trigonometric 
sum in ¢, whose degree or order is not greater than a certain 
constant multiple of ; and as |dz/dt | is continuous and positive 
on the closed interval of values of ¢, the absolute value of the 
derivative of P,(z) with respect to z will not exceed a constant 
multiple of the absolute value of its derivative with respect to ¢. 
A simple example is an arc of the ellipse x =a cos t, y=) sin t. 

If #(t) and W(¢) are trigonometric sums, and if one considers 
the closed curve described as ¢ ranges over a whole period, it is 
possible to derive similarly an analog of Bernstein’s theorem, 
with a factor m in place of the m? of Markoff’s theorem. The 
result thus obtained is much less general than that given in the 
author’s earlier paper* with respect to the form of the functions 
¢@ and y, but possesses the advantage that the curve may have 
double points without introducing any additional complication. 


THE UNIVERSITY OF MINNESOTA 


* This Bulletin, loc. cit., p. 856. 
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NOTE ON VOLTERRA AND FREDHOLM PRODUCTS 
OF SYMMETRIC KERNELS* 


BY L. M. BLUMENTHAL 


1. Introduction.t The purpose of this paper is to establish two 
theorems concerning the Volterra and the Fredholm products of 
two continuous, symmetric functions. These two theorems were 
obtained in the course of an investigation that had as its ob- 
ject the determination of the existence of permutable functions 
(first kind) of the second order; that is, the determination of 
functions K(x, y), Ke(x, y) such that 


(1) Ki K2K2K,; = KiKo, 


but 
¥ 
where 


y 
KK; = f K,(x, )Ke(t, y)dt. 

To satisfy (1),f it is sufficient to find two functions K,, Ke 
such that 


(2) KiKk2 = — K2K,, 


for, composing (on the right) the left-hand member with K2K,, 
and the right-hand member with its equal, —K,K2, we obtain 
(1). If two functions satisfy (2), we shall call them skew per- 
mutable. Assume, now, that K;,(x, y), Ke(x, y) are symmetric 
functions of their arguments. We have the following lemma. 

LemMA. The Volterra product of two symmetric functions is 
itself a symmetric function tf and only tf the two functions are skew 
permutable. 

Let 


* Presented to the Society, September 9, 1931. 

7 I wish to thank G. C. Evans for suggestions given me during the prepara- 
tion of this paper. 

{ In this part of the paper we are concerned entirely with Volterra compo- 
sition. 


= 
= 
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then 
K(y,) = ff Kily, 
y 
and since K, and Kz are symmetric functions, 
K(y, 3) = — f Kes, = 


Hence K(x, y) =K(y, x), if and only if KiK2= —K2K,, that is, 
if and only if the functions K,, Ke are skew permutable. 

Hence the problem of finding two symmetric functions whose 
Volterra product is symmetric is equivalent, by means of the 
Lemma, to finding two skew permutable functions. 

Before treating the general case, we show that if a continuous 
function is skew permutable with unity, then the function is 
identically zero.* 

If K2(x, y) is such a function, then 


Calling the common value of the two integrals ¢(x, y), we have 
0d 
— = — K,(x, 9), — = — K,(x, 9), 
Ox oy 


and ¢(x, y) must satisfy the equation 


ax ay 
that is, 

= o(y + x). 


But (x, x)=0, hence ¢(y+x)=0,t and therefore K2(x, y) is 
identically zero. We now state the following theorem. 


* This is in marked contrast to functions permutable with unity. These are 
functions of (y—x), the so-called functions of closed cycle of Volterra. 

t Consider 6=¢(y+ x). Along the lines x+-y=c in the XY plane, ¢=c. 
But along the line y=x in this plane, ¢=0. Hence ¢(y+x) vanishes identi- 
cally. 
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THEOREM 1. Jf the Volterra product of two continuous, sym- 
metric functions, K,(x, y), K2(x, y), where K, is of the first order, 
with continuous first partial derivatives and with 0?K,/0x0y con- 
tinuous, 1s a symmetric function, then one of the functions is 
identically zero. 

Now if a function F(x, y) is of the first order, we may form 
the function 


Fy(x1, 91) = a(x1)b(y1)F [m(x1), m(y1)], 
where we have written 
x = m(x), y = #0, 
and the functions a and BD satisfy the relation 
= m’(x). 


It may be shown* that if 


1 
q= => a 
F(x, x) 
where 
OL) 
f 
F(x, x) 


then F;(x;, yi) is such that 


OF; OF 
F,(%1, = = (— 
Ox, 


We say that the function F; is in canonical form. 

We shall assume that our function K,(x, y) is in canonical 
form. We prove our theorem by showing that if Ke(x, y) is a 
continuous function, skew permutable with Ki, then Kz 
vanishes identically.| Then an application of the Lemma yields 
the theorem. 


* See, for example, Volterra et Péris, Lecons sur la Composition, Paris, 
1924, p. 38. 

+ To show this it is unnecessary to assume K;, Kz symmetric. Their sym- 
metry enters, however, in applying the Lemma. 


— 
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Suppose that K2(x, y) is a continuous function satisfying the 
condition K,K.=—K2K;,. Calling the common value of each 


side @, we have 
o(x, y) = f Ki(x, §) K2(E, y)dé f K2(x, Ki (é, y)dé, 


with x) =0. 
Differentiating, and recalling that K,(x, x) =1, we obtain 


= = K.(x, y) + f K2(§, y)dé, 
Ox = Ox 


OK, 
f )} — (, 
oy oy 


Solving these two Volterra integral equations in K2(x, y) we 


get 
0g 
a 


where k(x, y), g(x, y) are the resolvent kernels for 0Ki/0x and 


0K,/dy respectively. 
Performing an integration by parts in each of the last 
two equations, and taking into account that (0K,/0x),~-. 


= (0K,/dy),-z=0, we have 


0 “OR(x, 
K.(x, y) + f o(é, y)dé, 


dg(é, y) 
K2(x, y) = a 


From these two equations, and the relation* 
Ok(x, y) 9g(x, y) 
= = n 
oy Ox 


(x, y), 


* This is due to Pérés; see Volterra et Pérés, Lecons sur la Composition, 
p. 40. 


= 
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we finally obtain ¢, given by means of the integro-differential 
equation 
0d y 


If we denote the right-hand member by E(x, y), we have 


a6 ab 
—_—— = E 
(x, y), 
from which 
(3) $(x, 9) = f 
0 


with @ an arbitrary function. But (x, x)=0, whence, since 
E(x, x) =0, we have 0(2x) =0. Then 0(y+x) =0 and (3) becomes 


$(2, 9) = f E(x, 


a homogeneous Volterra integral equation for @. But this 
equation has as its only continuous solution ¢=0. Then K,=0, 
and the theorem is proved. 

CorROLLARY. The theorem 1s valid for functions K,(x, y) of any 
definite order. 

2. Fredholm Composition. In this section we deal exclusively 
with composition of the second kind.* It is well known that if 
K(x, y) is a symmetric kernel, then all of its iterated kernels, 
K,(x, y), are symmetric, and since 


b 


we have an example of two symmetric functions whose Fred- 
holm product is likewise symmetric. We seek now to character- 
ize those symmetric functions whose Fredholm product is also 
symmetric, at least in the case of both functions having only 
a finite number of characteristic values. 


* Volterra, Questioni generali sulle equazionti integrali ed integro-differenzialt, 
Rendiconti dei Lincei, 1°* sem., 1910, p. 178. See also, Volterra, Lecgons sur les 
Fonctions des Lignes, Paris, 1913, p. 179. 


896 L. M. BLUMENTHAL [December, 


Let K(x, y), G(x, y) be two continuous, symmetric kernels; 
then 


b 
KG(x, y) = K(x, y)dé, 


a 


b 


b 


G(x, y)dé, 


Il 
> 


Thus the Fredholm product of two symmetric kernels is sym- 
metric if and only if KG=GK;; that is, if and only if the kernels 
K, G are permutable of the second kind. 

Now Volterra has shown* that the problem of permutability 
of the second kind can be reduced (at least in the case of kernels 
having a finite number of characteristic constants) to the prob- 
lem of permutability of square matrices. In place of applying the 
complicated general theory (in which, of course, no hypothesis 
of symmetry on the part of the kernels is made) we shall ob- 
tain the characterization sought by methods more germane to 
the problem. 

If, now, K(x, y), G(x, y) are symmetric kernels such that 


b 
P(x, y) = f G(x, £)K(E, y)dé = P(y, x), 


then it is evident that !G.(x, £)K,(&, y)d& is also a symmetric 
function. Suppose K(x, y), G(x, y) admit the distinct character- 
istic constants Ay, he, , Az and Me, My respectively. 
Then we may write 


gi(x)oi(y) 

EAs, 9) = 2,3,-+-), 
i 
6;(y) 

G(x,y => (s = 1, 2,3,---), 
j=l 


* Volterra, Lecons sur les Fonctions des Lignes, Chapter 12. 


i 
(x,y). 
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where @¢;, 9; are the characteristic functions of K and G re- 
spectively, corresponding to the characteristic values \; and p;. 
Now, in order that the Fredholm product KG be symmetric, it 
is necessary that 


b b 
(4) f K,(x, = K,(y, 
for all positive integers 7, s. Writing 
(5) vy) = o:(x)o:(y), 
Oj(x, vy) = 9;(x)0;(y), 


we have 


b 
(6) f K(x, = 


and hence, substituting in (4), 


b b 
£)0,(é, y)dé f £)0,(é, x)dé 

i=1 j=1 | = (0 


for all positive integral values of 7, s. 
We write the above equations in the form 


b b 
1 > ®;(x, £)0 y)dé f £)0;(é, x)dé 


i=] Ay j=1 
Bj 
(7) ae 
= — Xi =90, 
i=1 AZ 
and agree to hold s fixed, while 7 takes on the values 1, 2,---. 


We obtain in this way an infinite number of homogeneous equa- 
tions that the k functions X; must satisfy. Consider the first k of 
these equations. The determinant of the coefficients is the 
Vandermond determinant (i, r=1, 2,---, k), of order 
k. This determinant is not zero, and hence the first k equations 
of the set have no solution other than X;=0, (¢=1,2,---, &). 


= 
= 
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Whence this is the only solution of the complete set of equations. 
Thus 


1 b 
| f $,(x, £)0,(E, y)dé 


j=1 Bj 


b | 
f 2G, 90.8, od] = = 0. 

j=1 Bj 
Again we have an infinite set of equations in g functions T; 
and the determinant of the coefficients appearing in the first g 
of the equations is the non-vanishing Vandermond determi- 
nant |1/p;* , (j,s=1,2,---,g). Hence the only solution of the 

system is ;=0, and we have 


b b 
for each i1=1, 2,---,k and j=1, 2,---,g, as the necessary 
conditions that the Fredholm product KG be symmetric. These 
conditions are evidently sufficient, as an inspection of (6) 
assures us that if these conditions are satisfied, then 


b b 
We state the foregoing in the form of the following theorem. 
THEOREM 2. In order that the Fredholm product of two sym- 
metric kernels, admitting only a finite number of characteristic 
constants, be symmetric, it is necessary and sufficient that the con- 
ditions 


b b 
f y)dt = b.(y, DOE, x)dé, 


a a 


be satisfied for eachi=1,2,---,k;j7=1,2,---,g. 
It is evident that these conditions are highly restrictive. Sub- 
stituting from (5), conditions (8) reduce to 


= 


where 


= 
| 


f 


— 
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Thus the conditions are satisfied if and only if the character- 
istic functions of K and G are orthogonal, or satisfy the rela- 
tions 


_ 
 8;(y) 


= a constant, say k;;; 


so that 
¢;(x) = k;0;(x). 


That the class of functions G(x, y), symmetric, and forming 
with a symmetric function K(x, y) a symmetric Fredholm 
product, is so intimately related to the function K(x, y) in the 
case of each of the functions having a finite number of character- 
istic constants, is a result that (it appears to the writer) could 
hardly have been anticipated. This is even more striking when 
the result is viewed as a theorem giving necessary and sufficient 
conditions for the permutability of the second kind of two func- 
tions satisfying the conditions of the theorem. In addition to 
exhibiting a fact that does not seem to have found a place in 
the literature of permutable functions of the second kind, the 
simplicity of the method used is in marked contrast to the more 
complicated procedure usual in treatments of this subject. 

It might appear at first that using the well known develop- 
ment of the iterated kernels in terms of the characteristic func- 
tions 


K,(x, y) = & 2), 
G,(x, y) = = “a. (s 2 2), 


both series converging absolutely and uniformly, we might treat 
the case for which G and K admit infinitely many characteristic 
values by means of an obvious extension of the previous analysis. 
That this is not the case is due to the fact that when we con- 
sider the infinite set of homogeneous equations in an infinity of 
unknowns that is the analog of the set of equations (7), the 
infinite Vandermond determinant 


i= 


Av 
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converges to zero. This is immediate upon applying two theorems 
due to T. Gazzaniga.* Indeed, these theorems are sufficient to 
establish in general that the infinite Vandermond determinant 
formed by taking the reciprocals of the infinitely many zeros of a 
transcendental integral function converges to zero. Thus, the 
foregoing method is not well adapted to kernels with an infinite 
number of characteristic values. 

Since we have shown that the problem is equivalent to func- 
tions K, G being permutable of the second kind, the general 
theory may be applied to determine the conditions under which 
this takes place. This is a problem of much difficulty. It is 
possible that modifying Volterra’s definition of composition so 
that 


E(x, y) = K(x, y) + G(x, y) + f K(x, )G(E, y)dé, 


is defined to be the composition of K and G (which leaves the 
condition of permutability unaltered) may make the problem 
capable of being handled by means of the algebra of functions 
introduced and developed by Griffith C. Evans.t 


Rice INstITUTE 


* Sui determinanti d’ordine infinito, Annali di Matematica, (2), vol. 26, 
p. 205; Intorno ad un tipo di determinanti d’ ordine infinito, ibid., (3), vol. 1, pp. 
83-94. 

¢ See his Cambridge Colloquium Lectures, Functionals and their A pplica- 
tions, 1918, p. 119; see also Sopra l’algebra delle funzioni permutabili, Atti dei 
Lincei, vol. 8 (1911), p. 6. 
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April, 1931. 


Finan, E. J. A determination of the domains of integrity of the complete ra- 
tional matric algebra of order 4. Read April 19, 1930. American Journal of 
Mathematics, vol. 53, No. 4, pp. 920-928; Oct., 1931. 

FLEXxNER, W. W. On topological manifolds. Read Dec. 31, 1930. Annals of 
Mathematics, (2), vol. 32, No. 2, pp. 393-406; April, 1931. 

—— The Poincaré duality theorem for topological manifolds. Read Dec. 31, 
1930. Annals of Mathematics, (2), vol. 32, No. 3, pp. 539-548; June, 1931. 


Forp, W. B. Two theorems on the partitions of numbers. Read Dec. 31, 1930. 
American Mathematical Monthly, vol. 38, No. 4, pp. 183-184; April, 1931. 

Foster, A. L. Formal logic in finite terms. Read Sept. 9, 1936. Annals of 
Mathematics, (2), vol. 32, No. 2, pp. 407-430; April, 1931. 

Foster, R. M. Mutual impedance of grounded wires lying on the surface of 
the earth. Read June 20, 1930. Bell System Technical Journal, vol. 10, No. 
3, pp. 408-419; July, 1931. 

— See CAMPBELL, G. A. 

FRANKLIN, P., and Moore, C. L. E. The geometry of algebraic Pfaffians. Read 
Sept. 11, 1930. Journal of Mathematics and Physics of the Massachusetts 
Institute of Technology, vol. 10, No. 1, pp. 19-49; Jan., 1931. 

——— Pfaffians in parametric form. Read April 3, 1931. Journal of Mathematics 
and Physics of the Massachusetts Institute of Technology, vol. 10, No. 2, pp. 
95-105; July, 1931. 

—— Geodesics of Pfaffians. Read April 3, 1931. Journal of Mathematics and 
Physics of the Massachusetts Institute of Technology, vol. 10, No. 3, pp. 157- 
190; Aug., 1931. 

FrécuHet, M., and SHowat, J. A proof of the generalized second limit- 
theorem in the theory of probability. Read April 18, 1930. Transactions of 
this Society, vol. 33, No. 2, pp. 533-543; April, 1931. 

Friscu, R. A method of decomposing an empirical series into its cyclical and 
progressive components. Read Dec. 29, 1930. Journal of the American Sta- 
tistical Association, new ser., vol. 26, No. 173A, pp. 73-78; March, 1931, 
supplement. 


GARABEDIAN, H. L. On the relation between certain methods of summability. 
Read April 19, 1930. Annals of Mathematics, (2), vol. 32, No. 1, pp. 83- 
106; Jan., 1931. 


Garver, R. An application of a theorem of Junker. Read June 20, 1930. 
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Téhoku Mathematical Journal, vol. 33, Nos. 3-4, pp. 260-264; Jan., 1931. 

—— Two applications of Tschirnhaus transformations in the elementary 
theory of equations. Read Feb. 28, 1931. American Mathematical Monthly, 
vol. 38, No. 4, pp. 185-188; April, 1931. 

—— Invariantive aspects of a transformation on the Brioschi quintic. Read 
Nov. 29, 1930. Annals of Mathematics, (2), vol. 32, No. 3, pp. 478-484; 
June, 1931. 

GEHMAN, H. M. A special type of upper semi-continuous collection. Read Dec. 
27, 1929. Proceedings of the National Academy of Sciences, vol. 16, No. 9, 
pp. 609-613; Sept., 1930. 

GERGEN, J. J. Convergence and summability criteria for Fourier series. Read 
Sept. 12, 1930. Quarterly Journal of Mathematics, Oxford Series, vol. 1, No. 
4, pp. 252-275; Dec., 1930. 

—— Note on a theorem of Bécher and Koebe. Read April 3, 1931. This Bulle- 
tin, vol. 37, No. 8, pp. 591-596; Aug., 1931. 

—— Note on the Green’s function of a star-shaped three dimensional region. 
Read Dec. 30, 1930. American Journal of Mathematics, vol. 53, No. 4, pp. 
746-752; Oct., 1931. 


GERGEN, J. J., and MANDELBROJT, S. On entire functions defined by a Dirich- 
let series. Read Dec. 29, 1926. American Journal of Mathematics, vol. 53, 
No. 1, pp. 1-14; Jan., 1931. 


GERoNIMUs, J. On orthogonal polynomials. Read Dec. 30, 1930. Transactions 
of this Society, vol. 33, No. 1, pp. 322-328; Jan., 1931. 


Grant, J. D. Quadratic addition theorems for even functions. Read April 3, 
1931. This Bulletin, vol. 37, No. 10, pp. 737-740; Oct., 1931. 


GRaAUSTEIN, W. C. On the average number of sides of polygons of a net. Read 
April 6, 1928. Annals of Mathematics, (2), vol. 32, No. 1, pp. 149-153; 
Jan., 1931. 


Graves, L. M. On the problem of Lagrange. Read Dec. 31, 1930. American 
Journal of Mathematics, vol. 53, No. 3, pp. 547-554; July, 1931. 


Groat, B. F. Mean value of the ordinate of the locus of the rational integral 
algebraic function of degree 1 expressed as a weighted mean of n+1 ordi- 
nates and the resulting rules of quadrature. Read Sept. 12, 1930. American 
Mathematical Monthly, vol. 38, No. 4, pp. 212-219; April, 1931. 


GRoNWALL, T. H. The converse of Euler’s theorem on homogeneous functions. 
Read Feb. 26, 1927. Annals of Mathematics, (2), vol. 31, No. 3, pp. 473- 
474; July, 1930. 

—— A diophantine equation connected with the hydrogen spectrum. Read 
Oct. 30, 1926. Physical Review, (2), vol. 36, No. 11, pp. 1671-1672; Dec. 1, 
1930. 

—— On the wave equation of the hydrogen atom. Read Sept. 6, 1928. Annals 
of Mathematics, (2), vol. 32, No. 1, pp. 47-52; Jan., 1931. 

—— On the Cesaro summability of Fourier’s and Laplace’s series. Read Oct. 
25, 1924. Annals of Mathematics, (2), vol. 32, No. 1, pp. 53-59; Jan., 1931. 

—— Uber den Konvergenzbereich der Potenzreihenentwicklung einer har- 
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monischen Funktion von m Veranderlichen. Read Jan. 2, 1926. Mathema- 
tische Zeitschrift, vol. 33, No. 2, pp. 177-185; Feb., 1931. 

—— A functional equation in differential geometry. Read Dec. 28, 1918. 
Annals of Mathematics, (2), vol. 32, No. 2, pp. 313-326; April, 1931. 
GroveE, V. G. The transformation E of nets. Read Dec. 30, 1930. Transactions 

of this Society, vol. 33, No. 1, pp. 147-152; Jan., 1931. 
The transformation C of nets in hyperspace. Read June 13, 1931. Trans- 
actions of this Society, vol. 33, No. 3, pp. 733-741; July, 1931. 


HARSHBARGER, F. The geometric configuration defined by a special algebraic 
relation of genus four. Read Feb. 28, 1931. Transactions of this Society, 
vol. 33, No. 2, pp. 557-578; April, 1931. 

Hazcett, O. C. On formal modular invariants. Read Dec. 29, 1925, Dec. 29, 
1926, and Dec. 28, 1927. Journal de Mathématiques, (9), vol. 9, No. 4, pp. 
327-332; 1930. 

HILpDEBRANDT, T. H. Linear functional transformations in general spaces. 
Read Sept. 10, 1930. This Bulletin, vol. 37, No.4, pp. 185-212; April, 1931. 

—— On the interchange of limit and Lebesgue integral for a sequence of func- 
tions. Read Dec. 31, 1930. Transactions of this Society, vol. 33, No. 2, pp. 
441-443; April, 1931. 

Hut, L. S. Concerning certain linear transformation apparatus of crypto- 
graphy. Read Aug. 29, 1929. American Mathematical Monthly, vol. 38, No. 
3, pp. 135-154; March, 1931. 

Hitz, E. See BOHNENBLUST, H. F. 

Hite, E., and TaMarkrn, J. D. On the summability of Fourier series. Third 
note. Read Sept. 9, 1930. Proceedings of the National Academy of Sciences, 
vol. 16, No. 9, pp. 594-598; Sept., 1930. 

—— On the characteristic values of linear integral equations. Read April 6, 
1928. Acta Mathematica, vol. 57, Nos. 1-2, pp. 1-76; 1931. 

Ho it, D. L. See ANDERSON, E. W. 

Hottcrort, T. R. The bitangential curve. Read Dec. 30, 1930. This Bulletin, 
vol. 37, No. 2, pp. 82-84; Feb., 1931. 

—— Pencils of hypersurfaces. Read Sept. 9, 1930. American Journal of Mathe- 

matics, vol. 53, No. 4, pp. 929-936; Oct., 1931. 

Invariants associated with singularities of algebraic curves. Read Dec. 

28, 1926. Acta Mathematica, vol. 56, No. 3, pp. 261-272; 1931. 

Hore inc, H. Recent improvements in statistical inference. Read Dec. 29, 
1930. Journal of the American Statistical A ssociation, new ser., vol. 26, No. 
173A, pp. 79-87; March, 1931, supplement. 

—— The generalization of Student’s ratio. Read April 11, 1931. Annals of 
Mathematical Statistics, vol. 2, No. 3, pp. 360-378; Aug., 1931. 

How1rt, N. Group theory and the electric circuit. Read April 19, 1930. Physi- 
cal Review, (2), vol. 37, No. 12, pp. 1583-1595; June 15, 1931. 

HuGues, H. K. On the analytical extension of functions defined by factorial 
series. Read April 4, 1931. American Journal of Mathematics, vol. 53, No. 4, 
pp. 757-780; Oct., 1930. 
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Hutcuinson, J. I. Note on the number of linearly independent Dirichlet series 
that satisfy certain functional equations. Read Sept. 9, 1930. This Bulle- 
tin, vol. 37, No. 2, pp. 63-64; Feb., 1931. 


INGRAM, W. H. Note on the operability of a synchronous motor at the end of a 
transmission line. Read Nov. 29, 1929. Proceedings of the Cambridge Phil- 
osophical Society, vol. 27, No. 2, pp. 244-249; April, 1931. 

Jackson, D. Note on the convergence of a sequence of approximating poly- 
nomials. Read Sept. 9, 1930. This Bulletin, vol. 37, No. 2, pp. 69-72; Feb., 
1931. 

—_— On the application of Markoff’s theorem to problems of approximation 
in the complex domain. Read Sept. 8, 1931. This Bulletin, vol. 37, No. 
12, pp. 883-890; Dec., 1931. ' 

Jerrery, R. L. The uniform approximation of a summable function by step 
functions. Read April 18, 1930. Annals of Mathematics, (2), vol. 32, No. 
2, pp. 239-246; April, 1931. 

~—— The integrability of a sequence of functions. Read Dec. 27, 1929. Trans- 
actions of this Society, vol. 33, No. 2, pp. 433-440; April, 1931. 

Jounson, M. M. Tensors of the calculus of variations. Read Nov. 30, 1928. 
American Journal of Mathematics, vol. 53, No. 1, pp. 103-116; Jan., 1931. 

Jones, B. W. A new definition of genus for ternary quadratic forms. Read Oct. 
25, 1930. Transactions of this Society, vol. 33, No. 1, pp. 92-110; Jan., 
1931. 

—— The regularity of a genus of positive ternary quadratic forms. Read Dec. 
30, 1930. Transactions of this Society, vol. 33, No. 1, pp. 111-124; Jan., 
1931. 

VAN KampPEN, E. R., and ScHouTEn, J. A. Ueber die Kriimmung einer V,, in 
V,; eine Revision der Kriimmungstheorie. Read April 3, 1931. Mathe- 
matische Annalen, vol. 105, No. 1, pp. 144-159; July, 1931. 

Kasner, E. Géométrie des fonctions polygénes. Read Feb. 25, 1928. Atti del 
Congresso Internazionale dei Matematici, Bologna, vol. 3, pp. 255-260; 
1930. 

—— Dynamical trajectories and the ~? plane sections of a surface. Read Oct. 
26, 1929. Proceedings of the National Academy of Sciences, vol. 17, No. 6, 
pp. 370-376; June, 1931. 

KELLOGG, O. D. On the capacity of sets of Cantor type. Read Sept. 12, 1930. 
American Journal of Mathematics, vol. 53, No. 2, pp. 475-482; April, 1931. 

—— On the derivatives of harmonic functions on the boundary. Read Feb. 
28, 1931. Transactions of this Society, vol. 33, No. 2, pp. 486-510; April, 
1931. 

Kennison, L. S. A fundamental theorem on one-parameter continuous groups 

i; of projective functional trarsformations. Read Sept. 12, 1930. Proceed- 
ings of the National Academy of Sciences, vol. 16, No. 9, pp. 607-609; Sept., 
1930. 

Kennison, L. S., and Micuat, A. D. Quadratic functional forms in a compos- 
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ite range. Read June 20, 1930. Proceedings of the National Academy of 
Sciences, vol. 16, No. 9, pp. 617-619; Sept., 1930. 

KNEBELMAN, M.S. Multivectorial curvature. Read Dec. 30, 1930. Proceedings 
of the National Academy of Sciences, vol. 17, No. 1, pp. 43-47; Jan., 1931. 

KuratowskI, C., and WHysurv, G. T. Sur les éléments cycliques et leurs ap- 
plications. Read Sept. 6, 1928. Fundamenta Mathematicae, vol. 16, pp. 
305-331; 1930. 

Lang, E. P. Integral surfaces of triads of partial differential equations of the 
third order. Read April 18, 1930. Téhoku Mathematical Journal, vol. 33, 
Nos. 1-2, pp. 12-20; Sept., 1930. 

—— Conjugate nets and the lines of curvature. Read April 4, 1931. American 
Journal of Mathematics, vol. 53, No. 3, pp. 573-588; July, 1931. 

LANGER, R. E. On the asymptotic solutions of ordinary differential equations, 
with an application to the Bessel functions of large order. Read Dec. 31, 
1928, and April 18, 1930. Transactions of this Society, vol. 33, No. 1, pp. 
23-64; Jan., 1931. 

—— On the zeros of exponential sums and integrals. Read Nov. 29, 1930. 
This Bulletin, vol. 37, No. 4, pp. 213-239; April, 1931. 

La Paz, L. The Euler equations of problems of the calculus of variations with 
prescribed transversality conditions. Read April 18, 1930. Proceedings of 
the National Academy of Sciences, vol. 17, No. 8, pp. 459-463; Aug., 1931. 

LasLeY, J. W. Penosculating conics of a plane curve. Read Feb. 28, 1931. This 
Bulletin, vol. 37, No. 2, pp. 76-82; Feb., 1931. 

LEFSCHETZ, S. Topology. Read Sept. 9-12, 1930. American Mathematical So- 

ciety Colloquium Lectures, vol. 12; 1930. 10+410 pp. 

On compact spaces. Read April 18, 1930. Annals of Mathematics, (2), vol. 

32, No. 3, pp. 521-538; June, 1931. 

LeuMER, D. H. A new calculus of numerical functions. Read Nov. 29, 1930. 
American Journal of Mathematics, vol. 53, No. 4, pp. 843-854; Oct., 1931. 

—— Arithmetic of double series. Read April 11, 1931. Transactions of this 
Society, vol. 33, No. 4, pp. 945-957; Oct., 1931. 

LeHMER, D. H., and Powers, R. E. On factoring large numbers. Read April 11, 
1931. This Bulletin, vol. 37, No. 10, pp. 770-776; Oct., 1931. 

Leur, M., and Snyper, V. Generating involutions of infinite discontinuous 
Cremona groups of S4 which leave a general cubic variety invariant. Read 
Dec. 27, 1929. American Journal of Mathematics, vol. 53, No. 1, pp. 186- 
194; Jan., 1931. 

Levitzk1, J. Uber nilpotente Unterringe. Read Feb. 28, 1931. Mathematische 
Annalen, vol. 105, Nos. 3-4, pp. 620-627; Sept., 1931. 

LinFoot, E. H, See EvEtyn, C. J. A. 


McCoy, D. The complete existential theory of eight fundamental properties 
of topological spaces. Read Dec. 30, 1929. Téhoku Mathematical Journal, 
vol. 33, Nos. 1-2, pp. 88-116; Sept., 1930. 

McCoy, N. H. On some general commutation formulas. Read Sept. 11, 1930. 
American Journal of Mathematics, vol. 53, No. 3, pp. 710-720; July, 1931. 
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McEwen, W. H. Problems of closest approximation connected with the solu- 
tion of linear differential equations. Read Sept. 12, 1930. Transactions of 
this Society, vol. 33, No. 4, pp. 979-997; Oct., 1931. 

McFartan, L. H. Problems of the calculus of variations in several dependent 
variables and their derivatives of various orders. Read June 21, 1929. 
Téhoku Mathematical Journal, vol. 33, Nos. 3-4, pp. 204-218; Jan., 1931. 

McSHang, E. J. On the necessary condition of Weierstrass in the multiple in- 

tegral problem of the calculus of variations. Read April 3, 1931. Annals 

of Mathematics, (2), vol. 32, No. 3, pp. 578-590; June, 1931. 

A remark concerning the necessary condition of Weierstrass. Read April 

3, 1931. This Bulletin, vol. 37, No. 8, pp. 631-632; Aug., 1931. 

—— On the necessary condition of Weierstrass in the multiple integral prob- 
lem of the calculus of variations, II. Read April 3, 1931. Annals of Mathe- 
matics, (2), vol. 32, No. 4, pp. 723-733; Sept., 1931. 

—— Semi-continuity in the calculus of variations and absolute minima for 
isoperimetric problems. Read Oct. 25, 1930. Contributions to the Cal ulus 
of Variations, 1930, Theses submitted to the Department of Mathematics of 
the University of Chicago, pp. 195-243; 1931. 

MacDvurfeE, C. C. The discriminant matrices of a linear associative algebra. 
Read Nov. 30, 1928. Annals of Mathematics, (2), vol. 32, No. 1, pp. 60- 
66; Jan., 1931. 

—— The discriminant matrix of a semi-simple algebra. Read April 18, 1930. 
Transactions of this Society, vol. 33, No. 2, pp. 425-432; April, 1931. 
—— Ideals in linear algebras. Read Sept. 10, 1931. This Bulletin, vol. 37, No. 

12, pp. 841-853; Dec., 1931. 


MacDurreE, C. C., and SHover, G. Ideal multiplication in a linear algebra. 
Read Dec. 30, 1930. This Bulletin, vol. 37, No. 6, pp. 434-438; June, 1931 

MANDELBROJT, S. See GERGEN, J. J. 

MARDEN, M. On Stieltjes polynomials. Read Sept. 11, 1930, and Sept. 9, 1931. 
Transactions of this Society, vol. 33, No. 4, pp. 934-944; Oct., 1931. 

MartTIN, R. S. Note on functional forms quadratic in a function and its first p 
derivatives. Read Dec. 30, 1930. This Bulletin, vol. 37, No. 6, pp. 464-467; 
June, 1931. 


MELLIsH, A. P. Notes on differential geometry. Read Dec. 27, 1929. Annals 
of Mathematics, (2), vol. 32, No. 1, pp. 181-190; Jan., 1931. 

MeEnNGER, K. Remarks concerning the paper of W. L. Ayres on the regular 
points of a continuum. Read June 13, 1931. Transactions of this Society, 
vol. 33, No. 3, pp. 663-667; July, 1931. 

MERRIMAN, G. M. On the expansion of harmonic functions in terms of normal- 
orthogonal harmonic polynomials. Read April 6, 1928. American Journal 
of Mathematics, vol. 53, No. 3, pp. 589-596; July, 1931. 

Micnat, A. D. One-parameter linear functional groups in several functions of 
two variables. Read Dec. 30, 1930. This Bulletin, vol. 37, No. 2, pp. 100- 
104; Feb., 1931. 

—— Notes on scalar extensions of tensors and properties of local coordinates. 
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Read April 5, 1930. Proceedings of the National Academy of Sciences, vol. 
17, No. 2, pp. 132-136; Feb., 1931. 

—— Projective integral invariants attached to the trajectories of differen- 
tial systems. Read Nov. 29, 1930. This Bulletin, vol. 37, No. 6, pp. 447- 
454; June, 1931. 

—— An operation that generates absolute scalar differential invariants from 
tensors. Read April 5, 1930. Téhoku Mathematical Journal, vol. 34, No.1, 
pp. 71-77; June, 1931. 

—— See Kennison, L. S. 


Micuat, A. D., and Peterson, T.S. The invariant theory of functional forms 
under the group of linear functional transformations of the third kind. 
Read March 29, 1929. Annals of Mathematics, (2), vol. 32, No. 3, pp. 431- 
450; June, 1931. 


MicKELson, E. L. On the approximate representation of a function of two 
variables. Read March 29, 1929. Transactions of this Society, vol. 33, No. 
3, pp. 759-781; July, 1931. 


Ming, W. E. On the maximum absolute value of the derivative of e~*’P,,(x). 
Read June 20, 1930. Transactions of this Society, vol. 33, No. 1, pp. 143- 
146; Jan., 1931. 


MITCHELL, A. K. The derivation of tensors from tensor functions. Read Oct. 
26, 1929. American Journal of Mathematics, vol. 53, No. 1, pp. 195-203; 
Jan., 1931. 

Moore, C.L. E. See FRANKLIN, P. 


Moore, C. N. Types of series and types of summability. Read Nov. 29, 1930. 
This Bulletin, vol. 37, No. 4, pp. 240-250; April, 1931. 

Moritz, R. E. On the sums of depleted Fourier’s series. Read June 20, 1930. 
Téhoku Mathematical Journal, vol. 34, No. 2, pp. 281-290; Aug., 1931. 
—— On a totally discontinuous function. Read June 13, 1931. American 
Mathematical Monthly, vol. 38, No. 7, pp. 394-395; Aug.—Sept., 1931. 


Morse, M. The critical points of a function of variables. Read Oct. 25, 1930. 
Proceedings of the National Academy of Sciences, vol. 16, No. 11, pp. 777- 
779; Nov., 1930. 

—— The critical points of a function of m variables. Read Oct. 25, 1930. Tran- 
sactions of this Society, vol. 33, No. 1, pp. 72-91; Jan., 1931. 

—— Closed extremals. (First paper.) Read Dec. 27, 1929. Annals of Mathe- 
matics, (2), vol. 32, No. 3, pp. 549-566; June, 1931. 

—— Sufficient conditions in the problem of Lagrange with fixed end points. 
Read Sept. 11, 1930. Annals of Mathematics, (2), vol. 32, No. 3, pp. 567- 
577; June, 1931. 

—— Sufficient conditions in the problem of Lagrange with general end con- 
ditions. Read Sept. 11, 1930. American Journal of Mathematics, vol. 53, 
No. 3, pp. 517-546; July, 1931. 

Mors, M., and Myers, S. B. The problems of Lagrange and Mayer with 
variable end points. Read Sept. 11, 1930, and April 3, 1931. Proceedings 
of the American Academy of Arts and Sciences, vol. 66, No. 6, pp. 235-253; 
March, 1931. 


914 FORTIETH ANNUAL LIST OF PAPERS [December, 


MusseELMAN, J. R. The planar imprimitive group of order 216. Read April 7, 
1928. American Journal of Mathematics, vol. 53, No. 2, pp. 333-342; April, 
1931. 

Myers, S. B. See Morse, M. 


Now av, F. S. A note on primitive idempotent elements of a total matric al- 
gebra. Read June 18, 1927. This Bulletin, vol. 37, No. 12, pp. 854-856; 
Dec., 1931. 


Oakey, C. O. A note on the methods of Sturm. Read Sept. 11, 1930. Annals 
of Mathematics, (2), vol. 31, No. 4, pp. 660-662; Oct., 1930. 

—— Semi-linear integral equations. Read Sept. 12, 1930. Annals of Mathe- 
matics, (2), vol. 32, No. 4, pp. 804-810; Sept., 1931. 

Ore, O. Sur la forme des fonctions hypergéométriques de plusieurs variables. 
Read Feb. 22, 1930. Journal de Mathématiques, (9), vol. 9, No. 4, pp. 311- 
326; 1930. 

—— Linear equations in non-commutative fields. Read Feb. 28, 1931. Annals 
of Mathematics, (2), vol. 32, No. 3, pp. 463-477; June, 1931. 

—— Some recent developments in abstract algebra. Read Dec. 31, 1930. This 
Bulletin, vol. 37, No. 8, pp. 537-548; Aug., 1931. 


Patt, G. Sums of four or more values of ux?+vx for integers x. Read Nov. 29, 
1930. This Bulletin, vol. 37, No. 4, pp. 267-270; April, 1931. 

—— The number of representations function for positive binary quadratic 
forms. Read June 13, 1931. Proceedings of the National Academy of Sci- 
ences, vol. 17, No. 6, pp. 368-370; June, 1931. 

—— Simultaneous quadratic and linear representation. Read April 4, 1931. 

Quarterly Journal of Mathematics, Oxford Series, vol. 2, No. 2, pp. 136- 

143; June, 1931. 

On the application of a theta formula to representation in binary quadrat- 

ic forms. Read Nov. 28, 1931. This Bulletin, vol. 37, No. 12, pp. 863-869; 

Dec., 1931. 

PENNELL, W. O. A generalized Fourier series representation of a function. 
Read April 18, 1930. American Mathematical Monthly, vol. 37, No. 9, pp. 
462-472; Nov., 1930. 

Peterson, T. S. See Micwat, A. D. 

Pierce, T. A. Parametric solutions of certain diophantine equations. Read 
Dec. 30, 1930. This Bulletin, vol. 37, No. 4, pp. 264-266; April, 1931. 
PieRPONT, J. Cayley’s definition of non-euclidean geometry. Read Oct. 26, 

1929. American Journal of Mathematics, vol. 53, No. 1, pp. 117-126; Jan., 
1931. 
Powers, R. E. See LEHMER, D. H. 


Rarnicu, G. Y. Analytical functions and mathematical physics. Read April 3, 
1931. This Bulletin, vol. 37, No. 10, pp. 689-714; Oct., 1931. 

Raynor, G. E. On the Dirichlet-Neumann problem. Read Dec. 30, 1929. An- 
nals of Mathematics, (2), vol. 32, No. 1, pp. 17-22; Jan., 1931. 

Rep, W. T. Note on an infinite system of linear differential equations. Read 
Nov. 30, 1929. Annals of Mathematics, (2), vol. 32, No. 1, pp. 37-46; Jan., 
1931. 
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—— Generalized Green’s matrices for compatible systems of differential equa- 
tions. Read Dec. 30, 1929. American Journal of Mathematics, vol. 53, No. 
2, pp. 443-459; April, 1931. 

Expansion problems associated with a system of integral equations. Read 
April 18, 1930. Transactions of this Society, vol. 33, No. 2, pp. 475-485; 
April, 1931. 


Riper, P. R. A survey of the theory of small samples. Read Dec. 29, 1928. An- 
nals of Mathematics, (2), vol. 31, No. 4, pp. 577-628; Oct., 1930. 

—— On small samples for certain non-normal universes. Read Dec. 30, 1929. 
and Nov. 28, 1930. Annals of Mathematical Statistics, vol. 2, No. 1, pp. 
48-65; Feb., 1931. 


Rretz, H. L. On certain properties of frequency distributions obtained by 
linear fractional transformation of the variates of a given distribution. 
Read Dec. 30, 1929. Annals of Mathematical Statistics, vol. 2, No. 1, pp. 
38-47; Feb., 1931. 


Ritt, J. F. Representation of analytic functions as infinite products. Read 
Feb. 23, 1929. Mathematische Zeitschrift, vol. 32, No. 1, pp. 1-3; June, 
1930. 

—— Systems of algebraic differential equations. Read April 3, 1931. Proceed- 
ings of the National Academy of Sciences, vol. 17, No. 6, pp. 366-368; June, 
1931. 


Roserts, J. H. Concerning metric collections of continua. Read June 21, 1929. 
American Journal of Mathematics, vol. 53, No. 2, pp. 422-426; April, 1931. 

—— A non-dense plane continuum. Read Aug. 30, 1929. This Bulletin, vol. 
37, No. 10, pp. 720—722; Oct., 1931. 


Rostnson, S. Spaces satisfying the first enumerability axiom. Read April 3, 
1931. This Bulletin, vol. 37, No. 8, pp. 625-630; Aug., 1931. 


Roos, C. F. Some problems of business forecasting. Read Dec. 29, 1928. Pro- 
ceedings of the National Academy of Sciences, vol. 15, No. 3, pp. 186-191; 
March, 1929. 

A mathematical theory of price and production fluctuations and economic 
crises. Read Dec. 29, 1928. Journal of Political Economy, vol. 38, No. 5, 
pp. 501-522; Oct., 1930. 


Rutt, N. E. On certain types of plane continua. Read June 21, 1929. Trans- 
actions of this Society, vol. 33, No. 3, pp. 806-816; July, 1931. 


ScHELKuNoFF, S. A. On rotations in ordinary and null spaces. Read Sept. 6, 
1928. American Journal of Mathematics, vol. 53, No. 1, pp. 175-185; Jan., 
1931. 


SCHOENBERG, I. J. The minimizing properties of geodesic arcs with conjugate 
end points. Read Dec. 31, 1930. Annals of Mathematics, (2), vol. 32, No. 4, 
pp. 763-776; Sept., 1931. 

— See B.Iss, G. A. 

ScHouTEN, J. A. See VAN KAMPEN, E. R. 


Scuwatt, I. J. The expansion of tan?x by Maclaurin’s theorem. Read March 
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25, 1921. Téhoku Mathematical Journal, vol. 33, Nos. 1-2, pp. 150-152; 
Sept., 1930. 

SEELy, C. E. An existence theorem for characteristic constants of kernels of 
positive type. Read June 13, 1931. This Bulletin, vol. 37, No. 8, pp. 554- 
556; Aug., 1931. 

Sewer, W. Uber die Randerzuordnung bei konformen Abbildungen. Read 
Dec. 30, 1930. Mathematische Annalen, vol. 104, No. 2, pp. 182-243; Jan., 
1931. 

—— On the approximation of continuous functions by linear combinations of 
continuous functions. Read Feb. 28, 1931. Annals of Mathematics, (2), vol. 
32, No. 4, pp. 777-784; Sept., 1931. 

SHARPE, F. R. The mapping of monoidal involutions. Read Dec. 27, 1929. 
Annals of Mathematics, (2), vol. 31, No. 4, pp. 633-636; Oct., 1930. 

—— Involutions of order m with an (n—2)-fold line and their mapping. Read 
Dec. 27, 1929. Annals of Mathematics, (2), vol. 31, No. 4, pp. 637-640; 
Oct., 1930. 

Suaw, A. A. H. von Koch's first lemma and its generalization. Read Nov. 29, 
1930. American Mathematical Monthly, vol. 38, No. 4, pp. 188-194; April, 
1931. 

SuHEFFER, I. M. Note on functionally-orthogonal polynomials. Read Dec. 1, 
1928, and Dec. 27, 1928. Téhoku Mathematical Journal, vol. 33, Nos. 1-2, 
pp. 3-11; Sept., 1930. 

—— On sets of polynomials and associated linear functional operators and 
equations. Read March 29, 1929. American Journal of Mathematics, vol. 
53, No. 1, pp. 15-38; Jan., 1931. 


SHouat, J. (CHOKHATE, J.) Sur les fractions continues algébriques. Read Sept. 
11, 1930. Comptes Rendus de l’Académie des Sciences, vol. 191, No. 12, 
pp. 474-475; Sept. 22, 1930. 

—— Sur une classe étendue de fractions continues algébriques et sur les poly- 
nomes de Tchebycheff correspondants. Read Sept. 11, 1930. Comptes 
Rendus de I’ Académie des Sciences, vol. 191, No. 21, pp. 989-990; Nov. 24, 
1930. 

See Frécuet, M. 

SHOvER, G. See MacDurFEE, C. C. 

S1BERT, H. W. Moderately thick circular plates with plane faces. Read Sept. 
12, 1930. Transactions of this Society, vol. 33, No. 2, pp. 329-369; April, 
1931. 

SILVERMAN, L. L. On the omission of terms in certain summable series. Read 
Dec. 29, 1926. Recueil Mathématique de la Société Mathématique de Moscou 
(Matematicheski Sbornik), vol. 33, No. 4, pp. 375-382; 1926. 

H. A. See BieRMAN, P. 

SLotnick, M. M. On the projective differential geometry of conjugate nets. 
Read Sept. 6, 1928. American Journal of Mathematics, vol. 53, No. 1, 
pp. 143-152; Jan., 1931. 


SNYDER, V. See LEHR, M. 
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SoxotnikorF, I. S. On a solution of Laplace’s equation with an application 
to the torsion problem for a polygon with reentrant angles. Read April 18, 
1930. Transactions of this Society, vol. 33, No. 3, pp. 719-732; July, 1931. 

STARCHER, G. W. On identities arising from solutions of g-difference equations 
and some interpretations in number theory. Read Dec. 30, 1930. American 
Journal of Mathematics, vol. 53, No. 4, pp. 801-816; Oct., 1931. 

SToKEs, R. W. A geometric theory of solution of linear inequalities. Read 
April 3, 1931. Transactions of this Society, vol. 33, No. 3, pp. 782-805; 
July, 1931. 

Struik, D. J. Differential geometry in the large. Read April 18, 1930. This 
Bulletin, vol. 37, No. 2, pp. 49-62; Feb., 1931. 

SwINGLeE, P. M. Generalizations of biconnected sets. Read April 18, 1930. 

American Journal of Mathematics, vol. 53, No. 2, pp. 385-400; April, 1931. 

Two types of connected sets. Read Oct. 25, 1930. This Bulletin, vol. 37, 

No. 4, pp. 254-258; April, 1931. 

—— A certain type of continuous curve and related point sets. Read April 7, 
1928. Transactions of this Society, vol. 33, No. 2, pp. 544-556; April, 1931. 

—— End-sets of continua irreducible between two points. Read Oct. 27, 1928. 
Fundamenta Mathematicae, vol. 17, pp. 40-76; 1931. 


TAMARKIN, J. D. See HILLE, E. 


THIELMAN, H. P. The application of fractional operations to a class of integral 
equations occurring in physics. Read Aug. 29, 1929. Philosophical Maga- 
zine, (7), vol. 11, No. 70, pp. 523-535; Feb., 1931, supplementary number. 

Tuomas, J. M. Matrices of integers ordering derivatives. Read Dec. 31, 1930. 
Transactions of this Society, vol. 33, No. 2, pp. 389-410; April, 1931. 

Tuomas, T. Y. Space structure as a boundary-value problem. Read April 19» 
1930. Annals of Mathematics, (2), vol. 31, No. 4, pp. 714-726; Oct., 1930- 

THompson, W. R. On the possible forms of discriminants of algebraic fields, 
I. Read Oct. 26, 1929. American Journal of Mathematics, vol. 53, No. 1, 
pp. 81-90; Jan., 1931. 

TorRANCE, C. C. On plane Cremona triadic characteristics. Read April 3, 1931. 
American Journal of Mathematics, vol. 53, No. 4, pp. 911-919; Oct., 1931, 

Tryjitzinsky, W. J. A study of indefinitely differentiable and quasi-analytic 
functions. Read Dec. 27, 1929, and Oct. 25, 1930. Proceedings of the 
National Academy of Sciences, vol. 16, No. 12, pp. 826-830; Dec., 1930. 

— A study of indefinitely differentiable and quasi-analytic functions. Part 
I. Read Dec. 27, 1929, and Oct. 25, 1930. Annals of Mathematics, (2), 
vol. 32, No. 3, pp. 623-658; June, 1931. 

—— A study of indefinitely differentiable and quasi-analytic functions. Part 
II. Read Dec. 27, 1929, and Oct. 25, 1930. Annals of Mathematics, (2), 
vol. 32, No. 4, pp. 659-685; Sept., 1931. 


UnpERWoop, R. S. On universal quadratic null forms in five variables. Read 
June 13, 1931. Transactions of this Society, vol. 33, No. 3, pp. 742-758; 
July, 1931. 
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Uspensky, J. V. A method for finding units in cubic orders of a negative dis- 
criminant. Read Aug. 29, 1929. Transactions of this Society, vol. 33, No. 1, 
pp. 1-22; Jan., 1931. 


VAIDYANATHASWAMI, R. The theory of multiplicative arithmetic functions. 
Read April 3, 1931. Transactions of this Society, vol. 33, No. 2, pp. 579- 
662; April, 1931. 

VaNDIVER, H. S. Some theorems concerning properly irregular cyclotomic 
fields. Read Aug. 29, 1929. Proceedings of the National Academy of Sci- 
ences, vol. 15, No. 3, pp. 202-207; March, 1929. 

—— On the norm-residue symbol in the theory of cyclotomic fields. Read 
Sept. 9, 1927. Proceedings of the National Academy of Sciences, vol. 16, 
No. 11, pp. 740-743; Nov., 1930. 


Watt, H. S. On the Padé approximants associated with a positive definite 
power series. Read March 29, 1929, and Dec. 30, 1929. Transactions of 
this Society, vol. 33, No. 2, pp. 511-532; April, 1931. 

—— Convergence criteria for continued fractions. Read April 3, 1931. This 
Bulletin, vol. 37, No. 8, pp. 575-579; Aug., 1931. 

Watsu, J. L. Note on the overconvergence of sequences of polynomials of best 
approximation. Read Sept. 11, 1930. Transactions of this Society, vol. 33, 
No. 2, pp. 370-388; April, 1931. 

—— The existence of rational functions of best approximation. Read Dec. 30, 
1930. Transactions of this Society, vol. 33, No. 3, pp. 668-689; July, 1931. 

Warp, M. The algebra of recurring series. Read Apr:' 5, 1930. Annals of 
Mathematics, (2), vol. 32, No. 1, pp. 1-9; Jan., 1931. 

—— The characteristic number of a sequence of integers satisfying a linear 
recursion relation. Read Nov. 29, 1929. Transactions of this Society, vol. 
33, No. 1, pp. 153-445, jaz., 192%. 

—— The distribution of residues in a sequence satisfying a linear recursion 
relation. Read Nov. 29, 1929. Transactions of this Society, vol. 33, No. 1, 
pp. 166-190; Jan., 1931. 

—— Conditions for the solubility of the diophantine equation x*— My*= —1. 
Read April 11, 1931. Transactions of this Society, vol. 33, No. 3, pp. 712- 
718; July, 1931. 

—— Some arithmetical properties of sequences satisfying a linear recursion re- 
lation. Read April 11, 1931. Annals of Mathematics, (2), vol. 32, No. 4, 
pp. 734-738; Sept., 1931. 

WEBBER, W. P. On periodic functions. (Preliminary investigation.) Read Sept. 
9, 1927. Mathematics News Letter, vol. 4, No. 8, pp. 12-17; June, 1930. 

Wea, F. M. The valuation of a continuous survivorship annuity with a con- 
tinuous refund of an arbitrarily assigned part of the purchase price. Read 
Dec. 27, 1929. Giornale di Matematica Finanziaria, (2), vol. 1, No. 1, 
pp. 26-37; Feb., 1931. 

WHITEHEAD, J. H. C. A method of obtaining normal representations for a pro- 
jective connection. Read April 18, 1930. Proceedings of the National 
Academy of Sciences, vol. 16 No. 11, pp. 754-760; Nov., 1930. 
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—— On linear connections. Read Dec. 30, 1930. Transactions of this Society, 
vol. 33, No. 1, pp. 191-209; Jan., 1931. 

—— The representation of projective spaces. Read April 18, 1930. Annals of 
Mathematics, (2), vol. 32, No. 2, pp. 327-360; April, 1931. 

Wuitney, H. The coloring of graphs. Read Oct. 25, 1930. Proceedings of the 
National Academy of Sciences, vol. 17, No. 2, pp. 122-125; Feb., 1931. 
—— Non-separable and planar graphs. Read Oct. 25, 1930. Proceedings of the 
National Academy of Sciences, vol. 17, No. 2, pp. 125-127; Feb., 1931. 
—— A theorem on graphs. Read Feb. 22, 1930. Annals of Mathematics, (2), 

vol. 32, No. 2, pp. 378-390; April, 1931. 

Wuysvry, G. T. Sur I’accesibilité des continus plans. Read April 18, 1930. 
Fundamenta Mathematicae, vol. 15, pp. 322-323; 1930. 

—— Sur les e-séparations irréductibles. Read April 18, 1930. Fundamental 
Mathematicae, vol. 16, pp. 77-80; 1930. 

—— Potentially regular point sets. Read Feb. 22, 1930, and April 18, 1930. 
Fundamenta Mathematicae, vol. 16, pp. 160-172; 1930. 

—— Concerning continuous curves without local separating points. Read 
Sept. 9, 1930. American Journal of Mathematics, vol. 53, No. 1, pp. 163- 
166; Jan., 1931. 

—— Concerning hereditarily locally connected continua. Read Dec. 31, 1930. 
American Journal of Mathematics, vol. 53, No. 2, pp. 374-384; April, 1931. 

—— The cyclic and higher connectivity of locally connected spaces. Read Dec. 
31, 1930. American Journal of Mathematics, vol. 53, No. 2, pp. 427-442; 
April, 1931. 

—— Non-separated cuttings of connected point sets. Read Feb. 22, 1930. 
Transactions of this Society, vol. 33, No. 2, pp. 444-454; April, 1931. 

—— On the cyclic connectivity theorem. Read Feb. 28, 1931. This Bulletin, 
vol. 37, No. 6, pp. 429-433; June, 1931. 

—— Concerning continuous images of the interval. Read June 13, 1931. Amer- 
ican Journal of Mathematics, vol. 53, No. 3, pp. 670-674; July, 1931. 
—— A junction property of locally connected sets. Read Sept. 9, 1931. A mer- 

ican Journal of Mathematics, vol. 53, No. 4, pp. 753-756; Oct., 1931. 

On the divisibility of locally connected spaces. Read Dec. 31, 1930. 

This Bulletin, vol. 37, No. 10, pp. 734-736; Oct., 1931. 

—— Concerning addition of regular curves. Read April 18, 1930. Monatshefte 
fiir Mathematik und Phystk, vol. 38, No. 1, pp. 1-4; 1931. 

—— Concerning the subsets of regular curves. Read Sept. 9, 1930. Monats- 
hefte fiir Mathematik und Phystk, vol. 38, No. 1, pp. 85-88; 1931. 

—— See KuratowskI, C. 


Wuysurn, W. M. Functional inequalities. Read June 21, 1929. Téhoku 
Mathematical Journal, vol. 33, Nos. 3-4, pp. 265—274; Jan., 1931. 

—— A proof of the identity of the Riesz integral and the Lebesgue integral. 
Read April 11, 1931. This Bulletin, vol. 37, No. 8, pp. 561-564; Aug., 
1931. 

Wipper, D. V. Necessary and sufficient conditions for the representation of a 
function as a Laplace integral. Read Dec. 30, 1930. Transactions of this 
Society, vol. 33, No. 4, pp. 851-892; Oct., 1931. 
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Wrener, N. Generalized harmonic analysis. Read Feb. 26, 1927. Acta Mathe- 
matica, vol. 55, Nos. 2-3, pp. 117-258; 1930. 

Wiper, M. A. Correlation coefficients and transformation of axes. Read 
Sept. 12, 1930. American Mathematical Monthly, vol. 38, No. 2, pp. 64-66; 
Feb., 1931. 

Wivp_er, R. L. Concerning simple continuous curves and related point sets. 
Read Dec. 30, 1924, Jan. 1, 1926, April 2, 1926, and Sept. 9, 1926. A mert- 
can Journal of Mathematics, vol. 53, No. 1, pp. 38-55; Jan., 1931. 

—— Extension of a theorem of Mazurkiewicz. Read Aug. 30, 1929. This 
Bulletin, vol. 37, No. 4, pp. 287-293; April, 1931. 

Witson, E. B. Reminiscences of Gibbs by a student and colleague. Read Dec. 
30, 1930. This Bulletin, vol. 37, No. 6, pp. 401-416; June, 1931. 

Witson, W. A. On semi-metric spaces. Read Feb. 28, 1931. American Journal 
of Mathematics, vol. 53, No. 2, pp. 361-373; April, 1931. 

— A property of continua similar to local connectivity. Read Sept. 9, 1930. 
This Bulletin, vol. 37, No. 4, pp. 294-300; April, 1931. 

——— On quasi-metric spaces. Read Sept. 9, 1930. American Journal of Mathe- 
matics, vol. 53, No. 3, pp. 675-684; July, 1931. 

WreEN, F. L. A new theory of parametric problems in the calculus of variations. 
Read Dec. 31, 1930. Contributions to the Calculus of Variations, 1930, 
Theses submitted to the Department of Mathematics of the University of 
Chicago, pp. 161-193; 1931. 


YERUSHALMY, J. Construction of pencils of equianharmonic cubics. Read Dec. 
30, 1930. American Journal of Mathematics, vol. 53, No. 2, pp. 319-332; 
April, 1931. 


ZariskK1, O. On the non-existence of curves of order 8 with 16 cusps. Read 
April 3, 1931. American Journal of Mathematics, vol. 53, No. 2, pp. 309- 
318; April, 1931. 

——— On the irregularity of cyclic multiple planes. Read April 3, 1931. Annals 
of Mathematics, (2), vol. 32, No. 3, pp. 485-511; June, 1931. 

ZipPIn, L. On a problem of N. Aronszajn and an axiom of R. L. Moore. Read 
Dec. 31, 1930. This Bulletin, vol. 37, No. 4, pp. 276-280; April, 1931. 
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Apams, C. R. Linear q-Difference Equations, 361. 

—— Transformations of Double Sequences with Application to Cesaro Sum- 
mability of Double Series, 740. 

AGNEW, R. P. On Complex Methods of Summability, 597. 

ALBERT, A. A. On the Wedderburn Norm Condition for Cyclic Algebras, 301. 

—— A Note on Cyclic Algebras of Order Sixteen, 727. 

—— Division Algebras over an Algebraic Field, 777. 

ALLEN, E. S. See REviews, under Hessenberg, Reidemeister. 

ANDERSON, E. W., and Ho it, D. L. Limits of Approximate Solutions of a 
Torsion Problem, 580. 

ARCHIBALD, R. G. Criteria for the Solution of a certain Quadratic Diophantine 
Equation, 608. 

Basoco, M. A. On the Trigonometric Expansion of Elliptic Functions, 117. 

Baten, W. D. The Probable Error of certain Functions of the Errors Made 
in Measurements, 105. 

BELL, C. Useful Functions Associated with Rational Cubic Curves, 749. 

BELL, E. T. Modular Interpolation, 65. 

—— Functional Equations for Totients, 85. 

—— Factorability of Numerical Functions, 251. 

— Ona Type of Illusory Theorem concerning Higher Indeterminate Equa- 
tions, 261. 

—— Addendum on Factorability of Numerical Functions, 630. 

Quadratic Partitions, I, 870. 

BEenneETrT, A. A. The Distributive Laws for Homogeneous Linear Systems, 766. 

BERNSTEIN, B. A. Whitehead and Russell’s Theory of Deduction as a Mathe- 
matical Science, 480. 

—— Application of Boolean Algebra to Proving Consistency and Independ- 
ence of Postulates, 715. 

BissHopp, K. E. Abstract Defining Relations for the Simple Group of Order 
5616, 91. 

BLUMENTHAL, L. M. An Application of Metric Geometry to Determinants, 
752: 

—— Note on Volterra and Fredholm Products of Symmetric Kernels, 891. 

Borsuk, K., and ULam, S. On Symmetric Products of Topological Spaces, 875. 

Browy, A. B. On the Join of Two Complexes, 417. 

—— See REvIEws, under Encyklopidie. 

Brown, B. H. See REviews, under Wieleitner. 

Brown, O. E. The Equivalence of Triples of Bilinear Forms, 424. 

Byrne, W. E. See REviEws, under Garnier. 

Camp, B. H. See REviEws, under Holzinger. 

CaRLITz, L. On a Function Connected with a Cubic Field, 73. 

CarvER, W. B. See REVIEWS, under Enriques, Young. 

CouHEN, L. W. See REVIEws, under Levi. 

Cow ey, E. B. See REVIEWS, under Sanford. 
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Craic, H. V. Ona Covariant Differentiation Process, 731. 

Daus, P. H. A Condensed Table of Linear Forms, 125. 

Davis, H. T. Properties of the Operator z~” log z, where z=d/dx, 468. 

Dramonp, A. H. Quadrilaterals Inscribed and Circumscribed to a Plane Cubic, 
258. 

Dickson, L. E. Proof of a Waring Theorem on Fifth Powers, 549. 

Doo e, H. P. A certain Multiple-Parameter Expansion, 439. 

DrespDEN, A. Report of the October Meeting of the American Mathematical 
Society in New York, 1. 

—— See REvieEws, under Fubini, Kneser, Meyerson, Nicod, Vivanti. 

Dusunik, B. A Note on Transfinite Ordinals, 860. 

Emcu, A. See REviEws, under Schilling. 

Esty, T. C. George Daniel Olds, October 14, 1853—May 10, 1931, 644. 

Evans, G. C. See REviEws, under Kellogg. 

Fite, W. B. See REviews, under Moulton. 

Fort, T. Reports of Meetings of the American Mathematical Society: Febru- 
ary Meeting in New York, 313; April Meeting in New York, 317. 

FRANKLIN, P. See REviEws, under MacMillan, Thomas. 

FRINK, O. See REVIEws, under Kaufmann. 

GEHMAN, H. M. See REvIEws, under Lusin. 

GERGEN, J. J. Note on a Theorem of Bécher and Koebe, 591. 

Grsss, J. W. See Witson, E. B. 

Grant, J. D. Quadratic Addition Theorems for Even Functions, 737. 

GRAUSTEIN, W. C. See REVIEWS, under Weatherburn. 

Graves, L. M. The Minneapolis Colloquium, 789. 

Hammonp, H. P. The Summer Session for Teachers of Mathematics, 140. 

HILpDEBRANDT, T. H. Linear Functional Transformations in General Spaces, 
185 

—— See REVIEws, under Knopp, Osgood. 

Ho i, D. L. See ANDERSON, E. W. 

Ho tcrort, T. R. The Bitangential Curve, 82. 

——- See REVIEws, under Steiner. 

HutcHerson, W. R. Maps of certain Cyclic Involutions on Two-Dimensional 
Carriers, 759. 

Hutcuinson, J. I. Note on the Number of Linearly Independent Dirichlet 
Series that Satisfy certain Functional! Equations, 63. 

INGRAHAM, M. H. Reports of Meetings of the American Mathematical Society: 
Thanksgiving Meeting in Columbia, Mo., 6; Thirty-Seventh Annual 
Meeting, 129; April Meeting in Chicago, 321; Thirty-Seventh Summer 
Meeting, 633. 

Jackson, D. Note on the Convergence of a Sequence of Approximating Poly- 
nomials, 69. 

—— On the Application of Markoff’s Theorem to Problems of Approximation 
in the Complex Domain, 883. 

Koopman, B. O. See REvIEws, under Dirac. 

Lang, E. P. See REviEws, under Fubini. 

LANGER, R. E. On the Zeros of Exponential Sums and Integrals, 213. 
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—— See REvIEws, under Wiarda. 

LasLey, J. W. Penosculating Conics of a Plane Curve, 76. 

LexHMER, D. H. On a Theorem of von Sterneck, 723. 

LeuMeR, D. H., and Powers, R. E. On Factoring Large Numbers, 770. 

LeuMe_R, D. N. Inverse Ternary Continued Fractions, 565. 

Lrxpsay, R. B. See REviews, under Ruark. 

LONGLEY, W. R. See REVIEws, under Biirklen, Frank, Witting. 

McCLEnon, R. B. See REviEws, under Vogel. 

McSuane, E. J. A Remark concerning the Necessary Condition of Weier- 
strass, 631. 

MacDurrFeEE, C. C. Ideals in Linear Algebras, 841. 

MacDurre_E, C. C., and SHovER, G. Ideal Multiplication in a Linear Algebra, 
434. 

Martin, R. S. Note on Functional Forms Quadratic in a Function and its 
First p Derivatives, 464. 

Micua, A. D. One-Parameter Linear Functional Groups in Several Func- 
tions of Two Variables, 100. 

—— Projective Integral Invariants Attached to the Trajectories of Differ- 
ential Systems, 447. 

—— The Pasadena Meeting of Section A, American Association for the 
Advancement of Science, 643. 

Mit_er, G. A. Groups Generated by Two Operators whose Squares are In- 
variant, 270. 

—— Representation of a Group as a Transitive Permutation Group, 857. 

—— See REviEws, under Dantzig. 

Moore, C. L. E. See REviEws, under Forsyth. 

Moore, C. N. Types of Series and Types of Summability, 240. 

—— See REvIEws, under Carslaw, Rogosinski. 

MurnaGaav, F. D. See REviews, under Painlevé. 

Murray, F. H. Statistics of a Set of Closed Intervals, 281. 

Norturop, F. S. C. See REviews, under Carmichael. 

Now tan, F. S. A Note on Primitive Idempotent Elements of a Total Matric 
Algebra, 854. 

Ops, G. D. See Esty, T. C. 

Ore, O. Some Recent Developments in Abstract Algebra, 537. 

—— See REvIEws, under Congrés, Kronecker. 

Patt, G. Sums of Four or More Values of ux*+-»x for Integers x, 267. 

On the Application of a Theta Formula to Representation in Binary 

Quadratic Forms, 863. 

PARKER, W. V. Some Theorems on Plane Curves, 557. 

Pierce, T. A. Parametric Solutions of certain Diophantine Equations, 264. 

Powers, R. E. See LEHMER, D. H. 

Putnam, T. M. Reports of Meetings of the American Mathematical Society: 
November Meeting in Los Angeles, 3; April Meeting in Berkeley, 325; 
June Meeting in Seattle, 489. 

Rarnicu, G. Y. Analytic Functions and Mathematical Physics, 689. 

Raw _es, T. H. See REviEws, under Hayashi. 

Raynor, G. E. A Correction and an Addition, 632. 
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Ricwarpson, R. G. D. Report of the October meeting of the American Math- 
ematicai Society in New York, 785. 

Rutt, J. F. See REviews, under Appell. 

Roserts, J. H. A Non-Dense Plane Continuum, 720. 

RosInson, S. Spaces Satisfying the First Enumerability Axiom, 625. 

Roos, C. F. See REviews, under Evans. 

SANFORD, V. See REVIEWS, under Heath. 

SEeELy, C. E. An Existence Theorem for Characteristic Constants of Kernels 
of Positive Type, 554. 

SHEFFER, T. M. See REVIEWS, under Fueter. 

SHoHAT, J. See REVIEws, under Jackson. 

Suook, C. A. See REviIEws, under Levi-Civita. 

SHOVER, G. See MacDuFFEE, C. C. 

Situ, D. E. See REviews, under Thomson. 

Situ, P. A. See REviEws, under Lefschetz. 

Situ, P. F. See REviews, under Doehlemann. 

SNYDER, V. See REVIEWS, under Ciani, Comessatti, Edge, Graustein. 

STARCHER, G. W. A Note on Geometrical Factorial Series, 455. 

—— An Acknowledgment, 730. 

Strom, C. W. On Complete Systems under certain Finite Groups, 570. 

Srruik, D. J. Differential Geometry in the Large, 49. 

SWINGLE, P. M. Two Types of Connected Sets, 254. 
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